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We propose an efﬁcient algorithm for ﬁnding the maximum a posteriori (MAP) conﬁguration in Markov
random ﬁelds (MRFs) under the framework of dual decomposition. In the framework, tractable
subproblems like binary planar subproblems (BPSPs) have been introduced to obtain more accurate
solutions than that of tree-structured subproblems. However, since there are exponentially many BPSPs
and they have very different effects on tightening the linear programming (LP) relaxation, the choice of
the best BPSPs becomes an important open problem. In this paper, we ﬁnd that cycles of BPSPs have the
equivalent potential structure with the cycles where k-ary cycle inequalities are deﬁned. We further
prove that adding a BPSP in the dual decomposition is equivalent to enforcing a set of k-ary cycle
inequalities in the LP relaxation, which gives a new insight to the procedure of adding BPSPs. In addition,
a new criterion for choosing BPSPs is proposed by ﬁrst selecting the violated k-ary cycle inequalities and
then packing as many of these violated cycles as possible into a BPSP. Experimental results show the
effectiveness of our criterion.
& 2013 Elsevier B.V. All rights reserved.
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1. Introduction
Markov random ﬁelds are useful tools in modeling complex
dependencies among random variables and are widely applied in
the ﬁelds of computer vision, natural language processing, bioinformatics, machine learning, and so on [1,2]. Maximum a posteriori (MAP) inference is an important problem in both theory and
applications of MRFs.
MAP inference is essentially an integer programming problem, and
it is computationally infeasible if we directly solve it. A common
approach is to convert the integer programming to a linear programming over the constraints of marginal polytope [3]. Since too many
constraints are needed to describe the marginal polytope, researchers
turn to relax the marginal polytope to the local consistency polytope,
which only enforces pairwise consistency between edge marginals
and node marginals (called pairwise LP relaxation). The technique of
dual decomposition has been widely used for solving the LP relaxations. In dual decomposition, the problem is decomposed into a set of
tractable subproblems and a global solution in then achieved by
combining the solutions of subproblems [4,5]. Speciﬁcally, different
tree-decomposition techniques have been developed for solving the
pairwise LP relaxation and lead to many different MAP inference
algorithms, such as tree-reweighted message passing (TRW) [6,7],
max-sum diffusion (MSD) [8] and max product linear programming
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(MPLP) [9]. These algorithms are not always guaranteed to get the
exact solution since the pairwise LP relaxation may not be sufﬁciently
tight.
In order to obtain more accurate solutions, higher order constraints
or more complex subproblems are introduced [4]. Sontag and Jaakkola
[10] propose a more accurate inference algorithm by successively
adding cycle inequality constraints to the local consistency polytope.
They use a separation algorithm to iteratively ﬁnd the most violated
k-ary cycle inequality and then add it into the current constraint set.
They use standard optimization solvers like the interior point method
to solve the primal problem with the additional constraints. However,
Yanover et al. [11] show that LP solvers cannot be applied to solve the
large-scale MAP inference problems since they do not consider the
special structure of the MRFs.
Batra et al. [12] give a new tighter approximate algorithm by
decomposing a binary MRF into a set of outer-planar graphs,
covering every node and edge of the original graph, and accurately
solve each subproblem by ﬁnding minimum weight perfect
matchings [13,14]. For the non-binary case, they use other approximate methods to solve the subproblems. They select the outerplanar subgraphs to cover every node and edge of the original
graph, without considering the choice of extra outer-planar subgraphs to further tighten the LP relaxations. Yarkony et al. [15]
propose a novel algorithm by decomposing a non-binary MRF into
a “covering tree” and successively adding tractable binary planar
subproblems (BPSP) based on current MAP solutions. However,
they do not consider the problem of efﬁciently choosing BPSPs so
as to tighten the LP relaxation as much as possible.
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In this paper, we focus on the problem of choosing the best
BPSPs to tighten the LP relaxation as much as possible in each step.
We ﬁnd the equivalence in potential structures between the cycles
of BPSPs and the cycles of k-ary cycle inequalities. We then prove
that adding a BPSP corresponds to enforcing a group of k-ary cycle
inequalities. Based on this equivalence, a criterion for choosing
BPSPs is proposed by selecting the violated k-ary cycle inequalities
and then packing as many of these violated cycles as possible. We
use the proposed criterion to choose BPSP, so as to ensure that
adding such a BPSP in each time will repair many violated k-ary
cycle inequalities. Our contributions are threefold. First, we prove
the equivalence between adding BPSPs and enforcing k-ary cycle
inequalities, which gives a new insight to the procedure of adding
BPSPs. Second, we propose an efﬁcient criterion to choose the
BPSPs with which we get tighter LP relaxation than existing
methods. Third, we propose a new MAP inference algorithm based
on the criterion. Experimental results on different datasets show
the effectiveness of the new MAP inference algorithm.

Eq. (4) provides lower bounds of the original energy minimization problem and it can be optimized using the projected subgradient method or the block coordinate ascent method [4,17].
The update strategy of the projected subgradient method is
SP !
∑SP j ∈SPðGÞ μp j
SP i
i
λSP
þ
¼
α

μ
−
;
ð5Þ
t
p
p
jSPðGÞj

i
λSP
pq þ ¼ αt 

i
μSP
pq −

SP !
∑SP j ∈SPðGÞ μpq j
:
jSPðGÞj

ð6Þ

It is well known that the tightest lower bound of the treestructured subproblems is equivalent to the optimal value of the
pairwise LP relaxation and with more complex subproblems, we
may achieve tighter LP relaxations [4].

3. The equivalence between adding BPSPs and enforcing k-ary
cycle inequalities

In this section, we ﬁrst brieﬂy overview LP relaxation and dual
decomposition, which are the basis of our method.
We denote an MRF G ¼ ðV; EÞ with a set of random variables
X ¼ fX 1 ; X 2 ; …; X n g; ðX p ∈L ¼ f1; 2; …; KgÞ. The problem of MAP inference is equivalent to the following energy minimization problem:

We know that the tree-structured subproblems equal to enforcing pairwise consistency constraints in the LP relaxations. Adding
BPSPs in the dual decomposition can tighten the pairwise LP
relaxation. However, it is unclear what kind of higher-order
constraints are enforced by adding BPSPs. In this section, we prove
that adding a BPSP corresponds to enforcing a group of k-ary cycle
inequalities constraints.

min Eðθ; xÞ ¼ ∑ θp ðxp Þ þ ∑ θpq ðxp ; xq Þ;

3.1. BPSP and k-ary cycle inequalities

2. Preliminaries

x

ð1Þ

ðp;qÞ∈E

p∈V

where θp ð  Þ : X p -R and θpq ð; Þ : X p  X q -R denote the unary
and pairwise potential functions for each node and edge, respectively. The energy minimization problem (1) is an integer programming problem that is equivalent to the linear programming
problem over the constraint of the marginal polytope MðGÞ [3]
min Eðθ; μÞ ¼ ∑ θp  μp þ ∑ θpq  μpq :

μ∈MðGÞ

ð2Þ

ðp;qÞ∈E

p∈V

In the above equation, θp ¼ fθp ð  Þg and θpq ¼ fθpq ð; Þg represent the
vectorized MRF-parameters. Similarly, μp ¼ fμp ð  Þg and μpq ¼ fμpq ð; Þg
denote the node marginal probabilities and edge marginal probabilities. The complex constraint MðGÞ can be relaxed to the local
consistency polytope LðGÞ with the following formulation:

0
1
 ∑ μp ðuÞ ¼ 1; ∀p∈V
 u∈L

B
C
LðGÞ ¼ @0 ≤μ ≤1
A:
 ∑ μpq ðu; vÞ ¼ μp ðuÞ; ∀pq∈E
 v∈L
The technique of dual decomposition has been widely used to
solve the LP relaxation [6,9,16,12,4,5]. Suppose we decompose an
original energy minimization problem into a set of tractable
subproblems denoted by SPðGÞ ¼ fSP i g. The following constraints
are satisﬁed within the decomposition:
∑

SP i ∈SPðpÞ

i
θSP
¼ θp ;
p

∑

SP i ∈SPðpqÞ

i
θSP
pq ¼ θpq ;

ð3Þ

where SPðpÞ and SPðpqÞ denote the set of subproblems that
contain node p and edge pq, respectively. The dual function can
be obtained as follows by appropriately introducing Lagrangian
SP i
i
multipliers fλSP i g ¼ fλSP
p ; λpq g [4]
max

∑

minEðθSP i þ λSP i ; μSP i Þ;

ð4Þ

fλSP i g∈ΛSP i ∈SPðGÞ μSP i

where Λ satisﬁes
Λ¼



fλSP i g

For binary planar Ising model with the following energy function:
EðxÞ ¼ ∑ ½xp ≠xq   θpq ;

ð7Þ

ðp;qÞ∈E

where ½ denotes the indicator function, there exists a very efﬁcient
implementation to conduct MAP inference by reducing the energy
minimization problem to a minimum weight perfect matching
problem [13,14].
For the non-binary case, the method of minimum weight
perfect matching cannot be directly used. Yarkony et al. [15] show
that if the potential of every edge in an MRF happens to take only
two different values, we can project the edge potential to an
equivalent binary form and then project the solution back. This
way, BPSPs can be introduced in dual decomposition as tractable
subproblems, with which we can obtain more accurate solution
than the methods using tree-structured subproblems. We follow
the notation in [15] and introduce the concept of binary planar
subproblems (BPSP). We deﬁne a non-binary planar graph to be an
equivalent BPSP if its edge potentials have the following form:

ϑpq : ðxp ∈Sp Þ⊕ðxq ∈Sq Þ
θpq ðxp ; xq Þ ¼
;
ð8Þ
0 : otherwise
where ⊕ denotes the operation of exclusive-or. Sp (Sp ⋃S p ¼
f1; 2; …; Kg) and Sq ðSq ⋃S q ¼ f1; 2; …; Kg) denote the subsets of the
state space of variable Xp and Xq, respectively. The state space of
every node in BPSP is divided into two complementary parts. BPSP
with the above potentials can be projected to a binary planar Ising
model with energy function (7) and then be solved by minimum
weight perfect matching.
In order to get tighter LP relaxations, we can add higher-order
constraints to the local consistency polytope. K-ary cycle inequalities
are one kind of higher-order constraints with the following formulation [10]:

!
∑

i
λSP
¼ 0;
p

SP i ∈SPðpÞ

∑

SP i ∈SPðpqÞ

i
λSP
pq ¼ 0 :

∑ ðμπmn ð1; 0Þ þ μπmn ð0; 1ÞÞ þ ∑ ðμπmn ð0; 0Þ þ μπmn ð1; 1ÞÞ≥1;

mn∈C\F

mn∈F
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Fig. 1. Illustration of the projection graph of a three node cycle (left). Every node
has three possible partitions and the projection graph is shown on right.

where C denotes a cycle and F D C (jFj is odd), m and n denote the
binary nodes after projecting. The edge marginal probability in the
projection graph is deﬁned as
μπmn ðxm ; xn Þ ¼

∑

u∈L;π p ðuÞ ¼ xm ;v∈L;π q ðvÞ ¼ xn

μpq ðu; vÞ;

where xm ; xn ∈f0; 1g, π p and π q denote partitions of the nodes' state
space. Fig. 1 gives a simple example to show how to construct a
projection graph. If every node's state space is divided into one state
versus all the other states, it is called a k-projection graph. However, if
a projection graph consists all possible partitions for every node, it is
called full projection graph (For example, a node space f1; 2; 3; 4g can
be divided into f1; 3g and f2; 4g in a full projection graph).
3.2. Adding BPSP is equivalent to enforcing k-ary cycle inequalities
From the above deﬁnitions, we can see that the k-ary cycle
inequalities are deﬁned on the projection graph with every node's
state space divided into two complementary subsets. Similarly,
every node's state space is also partitioned into two complementary subsets in BPSPs.
Proposition 1. Adding one cycle C of a BPSP in the dual decomposition is equivalent to enforcing all k-ary cycle inequalities that are
deﬁned on the projection cycle C′.
Proof. Consider any cycle C in the BPSP, the potentials of every
edge pq∈C have the form of (8). For every edge pq∈C, denote the
partitions of nodes p and q as π p ðπ p : Sp -xm ; S p -x m Þ and π q ðπ q :
Sq -xn ; S q -x n Þ respectively, where xm ; xn ∈f0; 1g. With the special
potentials of C, we can equivalently project the cycle C to a binary
projection cycle C′ according to the following equation:
μπmn ðxm ; xn Þ ¼

∑

sp ∈L;π p ðsp Þ ¼ xm ;sq ∈L;π q ðsq Þ ¼ xn

μpq ðsp ; sq Þ:

So the procedure of adding the cycle C in the dual decomposition
enforces the following cycle consistency constraints of C′ in the LP
relaxations:
8
9
∑ τC′ ðxC′ Þ ¼ μπmn ðxm ; xn Þ >
>
< 
=
xC′\m;n

CYCLEðC′Þ ¼ μ∃τC′ 4 0;
;
∑
τ
ðx
Þ
¼
1
>
>
C′ C′
:
;
xC′

where mn∈C′. Consider any binary pairwise MRF consisting only
one cycle, Sontag et al. [18] prove that the cycle consistency
constraints give the same relaxation with the k-ary cycle inequalities deﬁned on the cycle. In their work, they analyze the dual of
the LP relaxation considering all the k-ary cycle inequalities with
the following formulation:
max min ∑∑μp ðxp Þðθp ðxp Þ þ ∑ δqp ðxp ÞÞ− ∑ λC;F;π
λ≥0;δ

μ≥0

p xp

q∈NðpÞ

C;F;π

þ ∑ ∑ μpq ðxp ; xq Þðθpq ðxp ; xq Þ−δqp ðxp Þ−δpq ðxq Þ
pq xp ;xq

þ

∑
C;F:pq∈C\F

λC;F;π 1½π p ðxp Þ≠π q ðxq Þ þ

∑ λC;F;π 1½π p ðxp Þ ¼ π q ðxq ÞÞ;
C;F:pq∈F

where δqp ðxp Þ and δpq ðxq Þ are Lagrange multipliers for the pairwise
consistency constrains, and λC;F;π are Lagrange multipliers for the k-ary
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cycle inequalities. They also analyze the dual of the cycle relaxation
and prove the equivalence using LP duality. For more details of the
proof, please see the supplementary material to [18] (or [19],
Chapter 7).
Using the above conclusion, the cycle consistency constraints
CYCLEðC′Þ of the projected cycle C′ is equivalent to the k-ary cycle
inequalities deﬁned on the cycle C′. So we conclude that adding
one cycle C of a BPSP in the dual decomposition is equivalent to
enforcing all k-ary cycle inequalities that are deﬁned on the
projection cycle C′ (all possible F′):
∑

ðμπmn ð1; 0Þ þ μπmn ð0; 1ÞÞ þ ∑ ðμπmn ð0; 0Þ þ μπmn ð1; 1ÞÞ≥1:

mn∈C′\F′

□

mn∈F′

Theorem 1. For a BPSP, consider the projection graph where we only
include the nodes that have the same partitions with the BPSP. Adding
a single BPSP then corresponds to enforcing or repairing all the k-ary
cycle inequalities that can be derived using this projection graph.
Proof. From Proposition 1, we see that adding one cycle of a BPSP in
the dual decomposition is equivalent to enforcing all k-ary cycle
inequalities that are deﬁned on its corresponding projection cycle.
Considering all the cycles contained in the BPSP, then adding a single
BPSP corresponds to enforcing or repairing all the k-ary cycle inequalities that can be derived using the projection graph, in which we only
include the nodes that have the same partitions with the BPSP. □
4. A new criterion for choosing BPSPs based on a separation
algorithm
In this section, we propose a new criterion for choosing BPSPs
and present an inference algorithm applying this criterion. We try
to add the BPSP that can tighten the current LP relaxation as much
as possible in each step. Observing the equivalence between
adding BPSPs and enforcing k-ary cycle inequalities, we try to
add the BPSPs that corresponds to enforcing the violated cycle
inequalities. To this end, we propose a criterion by using a
separation algorithm to ﬁnd the violated k-ary cycle inequalities
and then pack these cycles in a single BPSP to be added.
4.1. Separation algorithms
There are a large number of cycle inequalities, while adding all
cycle inequalities is infeasible and also unnecessary. It has been
demonstrated that MAP inference in a binary Markov random ﬁelds
is equivalent to a linear programming over the cut polytope [20].
Barahona and Mahjoub [21] give an efﬁcient separation algorithm
to ﬁnd the violated cycle inequalities on the cut polytope. Sontag
and Jaakkola [10] extend the separation algorithm to the non-binary
case, and propose a new class of tighter outer bounds than the local
consistency polytope by iteratively adding cycle inequality constraints. In their method, they ﬁrst solve the pairwise LP relaxation
to get the solution (usually not accurate), and then use the
separation algorithm to adaptively ﬁnd the k-ary cycle inequality
that is most violated by the current solution. Fig. 2 illustrates the
relationship of the marginal polytope, the local consistency polytope
and the violated k-ary cycle inequalities. The two red lines refer to
k-ary cycle inequalities that are violated by the current factional
~ Adding the violated k-ary cycle inequalities will obtain
solutions μ.
tighter outer bound so as to get more accurate solutions.
The separation algorithm takes current primal solution μ~ and the
projection graph as input and returns the violated k-ary cycle inequalities. In our paper, we use the separation algorithm described by
Sontag and Jaakkola [10]. However, there are some differences in using
the algorithm. In the paper of [10], only the most violated k-ary cycle
inequality is added in each iteration. Speciﬁcally, they ﬁnd up to one
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based on the current primal solution. Assume the violated cycles
we ﬁnd are fCg ¼ fC 1 ; C 2 ; C 3 g, where
C 1 ¼ f1ð1;2;3Þ : 2ð1;2;3Þ : 3ð2;1;3Þ : 7ð3;1;2Þ : 6ð1;2;3Þ : 5ð1;2;3Þ : 1ð1;2;3Þ g;
C 2 ¼ f9ð2;1;3Þ : 10ð1;2;3Þ : 11ð3;1;2Þ : 15ð2;1;3Þ : 14ð2;1;3Þ :
13ð1;2;3Þ : 9ð2;1;3Þ g;
C 3 ¼ f2ð3;1;2Þ : 3ð2;1;3Þ : 4ð1;2;3Þ : 8ð2;1;3Þ : 12ð2;1;3Þ : 16ð1;2;3Þ :
15ð2;1;3Þ : 14ð2;1;3Þ : 10ð1;2;3Þ : 6ð1;2;3Þ : 2ð3;1;2Þ g:
The notations like 2ð1;2;3Þ denotes that node 2 has partition
S2 ¼ f1g, S 2 ¼ f2; 3g. We consider the problem of how to pack these
cycles into a single BPSP (see Fig. 3(b)).
Fig. 2. Illustration the relationship of the marginal polytope, the local consistency
polytope and k-ary cycle inequalities.

violated k-ary cycle inequality by running the shortest-path algorithm
once for each node in the projection graph. The returned shortest path
for one node deﬁnes a cycle and gives the minimum value of
∑mn∈C\F ðμπmn ð1; 0Þ þ μπmn ð0; 1ÞÞ þ ∑mn∈F ðμπmn ð0; 0Þ þ μπmn ð1; 1ÞÞ. If this
value is less than 1, then they ﬁnd a violated k-ary cycle inequality.
If not, they cannot ﬁnd any violated k-ary cycle inequality on this node.
After running the shortest-path algorithm for all the nodes, they select
the shortest path among all these paths and obtain the most violated
k-ary cycle inequality. In our paper, we ﬁnd not only the most violated
cycle inequality, but also all the violated cycle inequalities, from the
most violated to the least violated.
The number of violated cycles found by the separation algorithm depends on the current primal solution and the structure of
the projection graph. If the current primal solution is close to the
optimal solution, we will ﬁnd fewer violated cycles. In order to use
the separation algorithm, we need to compute the current primal
solution based on the dual solution. In our algorithm, we use the
projected subgradient method to solve the dual function (4).
Computing the primal value from the current dual solution when
using the subgradient method has been well studied in the ﬁeld of
optimization [22,23]. We use the following weighted average of
primal sequence fμt g generated by the subgradient method to
compute the current approximate primal solutions
μ~ T ¼

∑Tt ¼ 1 αt μt
;
∑Tt ¼ 1 αt

T ¼ 1; 2; …;

ð9Þ

where fαt g denotes the stepsize sequence of the subgradient
method. Nedic and Ozdaglar [23] demonstrate that the estimation
μ~ T will converge to the primal solution, as T-∞.

Different cycles may have different partitions at one node.
As shown in Example 1, C1 and C3 disagree on the partition of node
2. In cycle C1, the partition of node 2 is S2 ¼ f1g, which is different
from that of S′2 ¼ f3g in cycle C3. Besides, if the MRF is a non-planar
graph, then we must ensure that constructed BPSP to be planar.
For a graph with N nodes, Boyer and Myrvold [24] give a simple O
(N) time-complexity algorithm that can decide if the graph is
planar. The planar-testing algorithm takes the basic operation of
edge addition while preserving planarity. Observing these factors,
we propose the following efﬁcient packing-criterion to pack the
violated cycles into BPSPs.
Packing-criterion: Suppose we have obtained m cycles denoted
by C 1 ; C 2 ; …; C m . Traverse every cycle Ci (from 1 to m) and ﬁnd the
partitions of the nodes appeared in Ci. If Ci disagrees with previous
cycles in the partition of any node, do not pack Ci into the current
BPSP. Besides, use the planar-testing algorithm to check whether
packing Ci into the current BPSP makes it non-planar. If so, do not
pack Ci into the current BPSP.
This packing-criterion may discard some violated cycles. If the
number of discarded cycles is small, we just discard them and start
the next iteration. If the number is large, we can pack them into
other BPSPs and then add these BPSPs simultaneously. In our
experiment, we empirically ﬁnd that the number of disagreeing
cycles is usually small and we choose to add one BPSP each time.
We propose an adaptive MAP inference algorithm, which uses the
criterion of choosing BPSPs described above, as shown in
Algorithm 1. We can terminate the algorithm if we cannot get
more accurate MAP solutions after adding a certain number of
BPSPs. In Algorithm 1, the “tolerance” is usually set as 10−4 or even
smaller.

4.2. Choosing BPSP by packing violated k-ary cycle inequalities
Suppose we have found a set of violated k-ary cycle inequalities
using the separation algorithm. We then try to pack as many of
these cycles as possible within a single BPSP. Since every node's
state space in the violated projected cycles is partitioned into two
complementary parts, we can determine the partitions of the
nodes in the new added BPSP by packing these violated cycles in a
greedy manner. The initial edge potentials of the added BPSP are
zero-valued and then they are updated by the subgradient
method. For the convenience of explanation, we use a simple
example to show the procedure.
Example 1. Fig. 3(a) shows a 4  4 grid MRF and the node state
space is f1; 2; 3g. Our method ﬁrst decomposes the original MRF
into a set of “row” and “column” trees, and then use dual
decomposition technique to get the primal solution. We use the
separation algorithm to ﬁnd the violated k-ary cycle inequalities

Fig. 3. (a) The original MRF is decomposed into a set of “row” and “column” trees
and (b) we use the separation algorithm to ﬁnd three violated cycles and try to pack
these cycles into a single BPSP: (a) Tree decomposition and (b) packing cycles.
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Algorithm 1. Adding BPSPs with separation algorithm
1: Start with tree decomposition.
2: Set Gap ¼primal-dual;
3: while Gap 4 tolerance do
4:
Get the solution μ~ using the weighted average strategy (9);
5:
~
Violated cycle inequalities fCg←Separation algorithmðG; μÞ;
6:
Pack these violated cycles into a BPSP;
7:
Add the BPSP and use the projected subgradient method
(5–6) to optimize the dual function;
8: end while
9: Return MAP xn .
Theorem 2. The procedure of choosing and adding BPSPs, which are
constructed by packing the violated k-ary cycle inequalities based on
current primal solution, will enforce these violated k-ary cycle
inequalities at once.
Proof. From Theorem 1 we know that adding a BPSP is equivalent to
enforcing all the k-ary cycle inequalities that can be derived using the
projection graph (only include the nodes that have the same partitions
with the BPSP). Conversely, if we ﬁnd a set of violated k-ary cycle
inequalities and pack these cycles into a single BPSP to be added as a
subproblem, it will enforce these violated k-ary cycle inequalities.
Since the choice of binary partitions for the nodes in the violated
cycles is accomplished automatically by the separation algorithm, we
can easily determine the partitions of the nodes in the BPSP by
packing these violated k-ary cycle inequalities.
However, since k-ary cycle inequalities are slightly weaker than
the cycle relaxation when the number of discrete states K≥3
(Theorem 3.4.3 in [19]), the tightest bound that our method can
obtain is looser than that of cycle relaxation. □
As we know, it is impossible for large-scale inference problem
to explicitly enforce all the cycle consistency constraints. So
iteratively adding selected higher order constraints is an efﬁcient
strategy. Although the tightest bound that our method can obtain
is looser than that of cycle relaxation, we can obtain accurate MAP
conﬁguration after adding only a small number of BPSPs in most
problems. It beneﬁts from the fact that adding a BPSP is equivalent
to enforcing a large number of violated k-ary cycle inequalities.

5. Related work
Many different approaches can be used for tightening the pairwise
LP relaxation. Komodakis and Paragios [25] present an algorithm for
tightening the relaxation by repairing inconsistent cycles. Sontag et al.
[16] propose a message passing algorithm to tighten the pairwise LP
relaxation by iteratively adding cluster consistency constraints. They
deﬁne a scoring function to decide the clusters to be added and this
algorithm is guaranteed to improve the approximation successively.
Werner [26] uses a method of cutting plane to tighten the pairwise LP
relaxation by adding short cycles.
Our work is closely related to the work of Sontag and Jaakkola [10].
Different from their work, we try to solve the problem via dual
decomposition, which takes advantage of the special structure of the
LP and makes the problem easier. When we add a single BPSP, it is
equivalent to enforcing many violated k-ary cycle inequalities. Sontag
et al. [18] propose a new algorithm to ﬁnd the violated k-ary cycle
inequalities in the dual and add the full cycles to the dual decomposition iteratively. Different from their work, we ﬁnd the violated
k-ary cycle inequalities in primal and enforce a group of these violated
cycles inequalities by adding the corresponding BPSP. The work of
Yarkony et al. [15] is also closely related. One major difference is that
we focus on how to choose BPSPs and present an efﬁcient criterion
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based on the separation algorithm. Besides, we give a new insight of
the procedure of adding BPSPs and prove that adding BPSPs is
equivalent to enforcing the k-ary cycle inequalities. Last but not least,
our method not only adds one-versus-all BPSPs, but also adds other
BPSPs that are constructed from the full projection graph.

6. Experiments
To assess the effectiveness of our criterion, we compare our
algorithm against four algorithms: convergent tree-reweighted
message passing (TRW-S) [7], tightening MRF relaxation using
planar subproblems [15], tightening LP relaxations using messagepassing (MPLP) [16] and choosing frustrated cycles in MAP
inference [18]. In the work of [15], they construct a one-versus-all
BPSP by dividing every node's state space into Sp ¼ fxnp g and S p ,
where fxnp g is the current MAP solution. In our method, we use the
proposed criterion to adaptively choose the BPSPs.
All the algorithms except MPLP and the algorithm of [18] are
implemented using MATLAB with version 7.10.0.499 (R2010a). We
use the code of MPLP and the code of [18] provided by the authors
(from the authors' websites). We run the experiments on a
computer with i3–370M CPU and 6 GB RAM.
6.1. Synthetic problems
We construct our problem instances following that of [15].
We consider N  N grid MRFs with KðK∈f3; 4gÞ states per node.
The nodes and edges' random potentials are described as
8
>
< U½−a; a ju−vj ¼ 1
u¼v
θp;u ∼U½−1; 1; θpq;uv ∼ 0
;
>
:
16
otherwise
where U½−1; 1 and U½−a; a are uniform distributions on ½−1; 1 and
½−a; a, respectively. We use the values a∈f2; 8g in the experiment. For
K ¼ 3; a ¼ 2, we randomly generate 100 data samples according to the
above distributions. We run all the algorithms on these 100 samples
and then report the average results over these 100 samples. We do the
same for the other values of a and K. We use the code of Batra and
Chen [27] to solve the BPSP, which is a mex-wrapper for the inference
method in the binary planar Ising model [13,14]. For the separation
algorithm, we use the code of Sontag and Jaakkola [10] to ﬁnd the
violated k-ary cycle inequalities. We refer to our algorithm as “BPSP
+SEP” and denote the algorithm of Yarkony et al. [15] as “BPSP+MAP”.
Both of these two algorithms start with decomposing the original MRF
into a set of “row” and “column” trees, which is mathematically
equivalent to that of “covering tree” [15]. For both algorithms,
pﬃﬃ we
choose the step size of the subgradient method as fαt ¼ α= t g. All
settings of these two algorithms are strictly the same except that they
use different strategies for choosing BPSPs.
We refer to the MPLP algorithm as “MPLP08” and denote the
algorithm of the paper [18] as “MPLP12”. For all these algorithms
except TRW-S, we perform 200 iterations for tree structured subproblems. After that, we begin to tighten the LP relaxation for different
algorithms. For “BPSP+SEP” and “BPSP+MAP”, when we add a BPSP, we
perform 100 iterations of the subgradient optimization and then add
a new one.
As a measure of performance, we plot the values of dual
functions versus the iterations and also show the results versus
running time. The values of dual function provide lower bounds of
the primal energy function and higher values provide more
accurate approximations. Fig. 4(a–c) shows the average results
over 100 problem instances on 30  30 grid MRFs with different
potentials. In the experiment, we adaptively add 7 one-versus-all
BPSPs for both “BPSP+SEP” and “BPSP+MAP”. As Fig. 4 shows, our
algorithm can obtain higher dual objective values than that of [15]
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Fig. 4. Average results on 30  30 grids with different state space and parameters. Horizontal axis: numbers of iterations. Vertical axis: values of dual functions that provide
lower bounds of the energy function: (a) 30  30, K¼ 3, a¼ 2; (b) 30  30, K¼ 4, a¼ 2 and (c) 30  30, K¼ 4, a ¼8.

on all these problems. The dual value decreases a little when we
add a new BPSP because of the re-initialization of the step size of
the subgradient method. We believe that better strategies of
choosing the step size will make this decrease smaller.
Our algorithm starts out with a lower energy than that of TRW-S.
The main reason is that we are using the subgradient method to
optimize the dual function, which is slower than that of the block
coordinate ascent method used by TRW-S. Besides, if we decompose
the original MRF into more complex tree-structured subproblems than
“row” and “column” trees, our algorithm will also converge faster.
However, even though our algorithm start out with a lower energy
than the TRW-S, the dual objective values of our algorithm can quickly
surpass those of TRW-S after we add the ﬁrst BPSP. Compared with
“MPLP08” and “MPLP12”, our algorithm can get higher dual objective
values after we add a small number of BPSPs. This is beneﬁt from the
fact that adding a selected BPSP is equivalent to enforcing a large
number of violated k-ary cycle inequalities each time. To make
a quantitative comparison of different algorithms' performance in
accuracy, we introduce a scoring procedure following the paper
of [28]. We denote the dual objective values of the compared
algorithms as e1 ; …; eJ , and set the score of the i-th algorithm as
si ¼

ei −min1 ≤ j ≤ J ej
:
max1 ≤ j ≤ J ej −min1 ≤ j ≤ J ej

ð10Þ

In this way, we assign the best and the worst methods with scores
of one and zero respectively. The remaining algorithms are assigned
with fraction values, and algorithms with higher dual objective values
will be assigned with larger fraction values according to Eq. (10).
The scores of Table 1 are computed from the average results in Fig. 4.
We can see that the dual objective values of TRW-S are much lower
than that of the other four algorithms after we perform 1100 iterations
for all these algorithms. The accuracy scores of “BPSP+SEP” are
signiﬁcantly higher than that of “BPSP+MAP”, and are comparable
with the algorithms of “MPLP08” and “MPLP12”. The advantage of our
algorithm, compared with “MPLP08” and “MPLP12”, is that our algorithm usually converges faster since each time we adding a selected
BPSP corresponds to enforcing a large number of violated k-ary cycle
inequalities.
Compared with “BPSP+MAP”, our algorithm takes more time
because we use the separation algorithm to choose BPSPs.
Although we spend extra time in selecting BPSPs, we can enforce
more violated k-ary cycle inequalities each time. So the total
performance is still better than the comparison methods.
As shown in Fig. 5, “BPSP+SEP” is worse than “BPSP+MAP” in the
early iterations because our algorithm spends extra time in
selecting BPSPs. However, our algorithm quickly outperforms
“BPSP+MAP” as we add better BPSPs. Note that we are currently
using the
pﬃﬃ subgradient method with the typical diminishing step
fαt ¼ α= t g to optimize the dual functions of both “BPSP+MAP”
and “BPSP+SEP”. We believe that better ways to choose the step
length of the subgradient method, using other variants of

Table 1
Averaged scores of different algorithms in solving 30  30 grid MRFs. The scores are
computed according to (10), and algorithms with higher dual objective values will
be assigned with higher score values.
Algorithm

K¼3, a¼ 2

K¼ 4, a¼ 2

K¼4, a¼ 8

BPSP+SEP
BPSP+MAP
MPLP08
MPLP12
TRW-S

0.9912
0.7623
0.9760
1
0

1
0.7873
0.9046
0.9521
0

1
0.7496
0.9628
0.9070
0

subgradient methods (e.g. bundle trust system) [29], or using
block coordinate ascent method [17] will further speed up our
algorithm. We will try these methods in our future work.
The state space of every node in one-versus-all BPSP is partitioned
into one state versus all the other states. One-versus-all BPSPs can be
constructed from packing the violated k-ary cycle inequalities derived
from k-projection graph. Different from the work of [15], we add not
only one-versus-all BPSPs but also other BPSPs that are constructed
from the full projection graph. In the experiment on 10  10 grid MRFs,
we ﬁrst add the same 6 one-versus-all BPSPs for both “BPSP+SEP” and
“BPSP+SEP-Full”. “BPSP+SEP-Full” denotes the result where we add
a 7th BPSP constructed from packing the violated cycles that are
derived from the full projection graph. “BPSP+SEP” refers to the result
where we only consider the k-projection graph. Fig. 6 shows the values
of dual functions when we add the 7th BPSP (the early iterations are
not shown). We can see that adding BPSPs that are constructed from
the full projection graph can obtain tighter LP relaxation than that of
only adding one-versus-all BPSPs. The reason is that after we add a few
of one-versus-all BPSPs, most violated k-ary cycle inequalities that can
be derived from the k-projection graph are repaired. So we need to
consider the full projection graph to repair other violated k-ary cycle
inequalities.
6.2. Real problem
In order to further assess the effectiveness of our criterion on
real problems, we test our algorithm on the image denoising
problem. Speciﬁcally, we create a “CVPR” image with noise and
formulate the image denoising as an energy minimization problem
in a pairwise MRF as described in [30,31]. The “CVPR” image is
a 24  62 gray image with 16 intensity values. Fig. 7(a) shows the
input image of “CVPR”. Fig. 7(b) and (c) shows the denoised images
using the algorithms of “BPSP+SEP” and “BPSP+MAP”, respectively.
From the result shown in Fig. 7(d), we can see that our algorithm
achieves a more accurate result than “BPSP+MAP”. However, the
improvement is not so apparent compared to the synthetic
problems. The reason is that the tree-structured subproblems are
nearly sufﬁcient to get the accurate solution in many computer
vision problems, as mentioned in [7].

J. Dong et al. / Neurocomputing 120 (2013) 453–460

−114
−115
−116

BPSP+SEP
BPSP+MAP
TRW−S
MPLP08
MPLP12

−117
−118
−119
−120
0

10

20

30

40

50

60

−123
−124
−125
−126
−127
−128
−129
−130
−131
−132
−133

−430
Values of dual functions

−113

Values of dual functions

Values of dual functions

−112

−440
−450
−460
−470
−480
−490
−500

0

70

459

10

20

30

Time (s)

40

50

60

70

0

10

20

Time (s)

30

40

50

60

70

80

Time (s)

Fig. 5. Average results on 10  10 grids with different state space and parameters. Horizontal axis: running time. Vertical axis: value of dual function that provides lower
bound of the energy function: (a) 10  10, K¼ 3, a ¼2; (b) 10  10, K¼ 4, a ¼2 and (c) 10  10, k ¼ 4, a¼ 8.
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Fig. 7. Performance comparisons of “BPSP+SEP” and “BPSP+MAP” on an image denoising problem. Note that in (d), we show the values of dual functions from iteration 350 to
focus on visualizing the performance after the initial tightening: (a) Input image; (b) “BPSP+SEP”; (c) “BPSP+MAP” and (d) values of dual functions.

7. Conclusion and future work
In this paper, we prove the equivalence between adding a BPSP
and enforcing the k-ary cycle inequalities. We then propose
a criterion for choosing BPSPs in MAP-MRF inference by using
the separation algorithm to ﬁnd the violated k-ary cycle inequalities and packing as many of these cycles as possible in a BPSP.
Experimental results validate that different BPSPs have different

effects on tightening the LP relaxation and show the effectiveness
of our criterion. In this paper, we use the subgradient method to
optimize the dual functions because it is a widely used technique
in MAP inference and it is also easy to implement. However,
some other optimization methods can also be tried, such as the
block coordinate ascent method, the bundle trust method [29],
the alternating direction method (ADLP) [32], and the recent
method of [33].
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