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A stochastic process 1s simply a sequence of random variables.

Definition 8.1 A DTMC (discrete-time Markov chain) is a stochastic process
{X,,n=0,1,2,...}, where X, denotes the state at (discrete) lime step n and
such that. ¥r > 0, Vi, 7, and Vig, . . ., 41,

P{Xpsr1=J | Xa=iXp-1=in=1,..., A0 =B} =P{X y1=J | Xa=1i}
= Py; (by stationarity),
where Fj; is independent of the time step and of past history.



( Flemary (150)
Definition 8.2 The Markovian Property states that the conditional distribution of
any future state X, ;, given past states Xy, X;,. ., Xp_1, and given the present
state X, is independent of past slates and depends only on the present state X,

The second equality in the definition of a DTMC follows from the “‘stationary™ property,
which indicates that the transition probability is independent of time.

Dedinition 8.3 The fransition probability matrix associated with any DTMC is a

matrix, P, whose (i, j)th eniry, ;, represents the probability of moving to state j
on the next transition, given that the current state is 7,
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Let P* =P P...P, multiplied n times. We will use the notation F7 to denote

Py ,, Y
- r )
=L 7]
1| /
A : 0
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Umbrella Problem

Consider the umbrella problem from before where the chance of rain on any given day
is p = 0.4. We then have

0 0 1 06 .30 .64 230 .385 .385
P=10 06 04/, P°=|.18 38 44|, P% — | 230 .385 .385|
06 04 0 38 .44 18 230 .385 .385

Observe that all the rows become the same! Note also that, for all the above powers,
each row sums to 1.
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Definition 8.4 Lzt
"y = n];l{]c::ln P:_.;-

r; represents the limiting probability that the chain is in state j (independent of the
starting state ). For an AJ-state DTMC, with states 0, 1, ..., M — 1,

‘ﬁ=f_ﬂn,"r1‘..-,7r_ﬁf_l:l, Whﬂm E 'Tri=1

represents the limiting distribution of being in each state.
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Definition 8.5 A probability distribution 7 = (m.my,...,Tiy—1) is said to be
stationary for the Markov chain if
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Question: What does the left-hand-side (LHS) of the first equation in (8.1) represent?
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Answer: The LHS represents the probability of being in state 3 one transition from
now, given that the current probability distribution on the stales is 7. So equation (8.1)
says that if we start out distributed according to 77, then one step later our probability
of being in each state will still follow distribution . Thus from then on we will always
have the same probability distribution on the states. Hence we call the distribution

“stationary.”
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Theorem 8.6 (Stationary distribution — Limiting distribution) Given a finire-
state DTMC with M states, [et

be the lUmiting probabiliry of being ri 5tate 3 and let

ar—1
—F
T = (Mg, Wpyen-y, Tagy), where E wp =1

e the limiting distribufion. Assuming that the lpmiting distribution exisis, then T is
alsc a srationary distribution and no other stationary distribution exists.
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1. We will prove that {m;, 5 =0,1,2,... M — 1} is a stationary distribution.
Hence at least one slationary distribution exists.
2. We will prove that any staunnaq- distribution ,Jomst be f:u:_|1ml tc the limiting

distribution. w4l n R
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Definition 8.7 A Markov chain for which the limiting probabilities exist is said to

be stationary or in steady state if the initial state is chosen according to the stationary
probabilities.



Swummary: Finding the Limiting Probabilities in a Finite-State DTMC:

By Theorem 8.6, given the limiting distribution {v;, 7 =0,1,2,..., M — 1}
exists, we can obtain it by solving the stationary equations

Af =1
#n-P=x and E g — 1
=1
where # = (7o, 71, -+, Tar—1)-
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Question: Suppose the probability of rain is p = 0.6. What fraction of days does the
professor get soaked?

Answer: The professor gets wet if she has zero umbrellas and it is raining: my - p =
24 0.6 = 0.1. Not too bad!
g "V o
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7 = (m,71,Ms,...) where m; = lim Pl and Z'JTJ = 1.
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Theorem 8.8 (Stationary distribution — Limiting distribution) Giver an
infinite-state DTMC, lez

A 3 A
Ti'",,lﬂﬂi"ﬂ

be the limiting probability of being in state 7 and let
7 = (mp, 71, May...} where Ztm =1

be the limiting distribution. Assuming that the limiting distribution exists, then T is
also a stationary distribution and no other stationary distribution exists.
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1. We will prove that {7, j =0,1,2,...} is a stationary distribution, Hence at
least one stationary distribution exists,

2. We will prove that any stationary distribution must be equal to the limiting
distribution.

We W\LL[ jlo{,(m\/ M/\.( boolc AmmﬁL@



. lo fo[uiw«g SM»W«/ %u%; 1l
[wﬁ&lﬁbﬁw DI M

5 e Jgy \,\)‘\‘L/L Jw‘éavvu gy vy




DT/ f“" cervor Wil onbpunded ﬂawef



Cnk

T e sodfon, Yﬂlﬁ ohy LL“/y . / D "W.'M

1—7 T 0 0

s l1—v—8 ¥ 0

P = 0 8 l—7T—8 i
0 0 = 1 —r—2sg



' Uo/ﬂl\gcym,(?
S<1L7L<H)o m/a/n‘{"] @ﬁ

o
wy
Mo

T3

P
+ M1 + Mo + T
o

5
(1 — )+ m; S
=‘3Tur—l—ﬂ'l{1—-‘r“3)+wzs
wall e
ﬂ1ri?r:[1—r—s}+
TMoT






