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CAUTION : This is a theoretical result.
We will describe an algorithm that deter-
mines whether a numbern is prime in
O((log n)12+ε) steps, a truly remarkable
result. There is, however, no claim that if
n < 101000, then the algorithm takes less
thann steps.
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(x − a)n ≡ xn − a (mod xr − 1, n)

What does this mean?

• The difference(x − a)n − (xn − a) is an element in
the ideal

(
xr − 1, n

)
in the ringZ[x].

• It is the same as the assertion

Rem((x − a)n − (xn − a), xr − 1, x) mod n = 0

in MAPLE.
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Conjecture: Supposer does not dividen(n2 −1) where
r is prime. Thenn is a prime if and only if

(∗) (x − 1)n ≡ xn − 1 (mod xr − 1, n).

Idea for an Algorithm Assuming Conjecture: Suppose
n is large. Since∏

p≤x

p ≥ e0.8x for x ≥ 67,

there is a primer ∈ [2, 5 log n] not dividingn2 − 1. If
r dividesn, thenn is composite. Otherwise, check if (∗)
holds to determine whethern is a prime.



Conjecture: Supposer does not dividen(n2 −1) where
r is prime. Thenn is a prime if and only if

(∗) (x − 1)n ≡ xn − 1 (mod xr − 1, n).

What if the Conjecture is not true?
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• Etienne Fouvry,Théor̀em de Brun-Titchmarsh, appli-
cation au th́eor̀em de Fermat, Invent. Math79 (1985),
383–407.

• Leonard Adleman and D. Roger Heath-Brown,The first
case of Fermat’s Last Theorem, Invent. Math79 (1985),
409–416.

Notation. π(x) =
∣∣{p : p prime≤ x

}∣∣
πs(x) =

∣∣{p : p prime≤ x, P (p − 1) > p2/3}∣∣



Two Important Papers in the Literature:
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(
M2 log n

)
= O

(
(log n)5

)
.

Hence, for at least one primer ∈ I as above. . . . �
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that the intervalI = (c1(log n)6, c2(log n)6] contains
a primer with r − 1 having a prime factorq satisfying

q ≥ 4
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So what’s the algorithm?
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Notethat, after thewhile loop, r = n ispossible.
Thenn is prime, and the algorithm indicates it is.

8. break;

9. r → r + 1;

10. }

11. for a = 1 to 2
√

r log n

12. if ( (x−a)n 6≡xn−a (mod xr−1, n) ) output COMPOSITE;

13. output PRIME;



Input: integer n > 1

1. if ( n is of the form ab, b > 1 ) output COMPOSITE;

2. r = 2;

3. while ( r < n ) { Lemma 2 =⇒ loop ends withr � (log n)6

4. if ( gcd(n, r) 6= 1 ) output COMPOSITE;

5. if ( r is prime )

6. let q be the largest prime factor of r − 1;

7. if ( q ≥ 4
√

r log n ) and ( n(r−1)/q 6≡ 1 (mod r) )

8. break;

9. r → r + 1;

10. }

11. for a = 1 to 2
√

r log n

12. if ( (x−a)n 6≡xn−a (mod xr−1, n) ) output COMPOSITE;

13. output PRIME;

IMPORTANT :



Input: integer n > 1
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IMPORTANT : In general, if n is a prime, then the
algorithm indicates it is.
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6. let q be the largest prime factor of r − 1;
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r log n ) and ( n(r−1)/q 6≡ 1 (mod r) )

Since the while loop ends withr � (log n)6,
the running time is polynomial inlog n.
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9. r → r + 1;
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√

r log n
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1. if ( n is of the form ab, b > 1 ) output COMPOSITE;

2. r = 2;

3. while ( r < n ) {
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13. output PRIME;

PROBLEM : Show that if n is composite, then the
algorithm indicates it is.



Input: integer n > 1

1. if ( n is of the form ab, b > 1 ) output COMPOSITE;

2. r = 2;

3. while ( r < n ) {

4. if ( gcd(n, r) 6= 1 ) output COMPOSITE;

5. if ( r is prime )

6. let q be the largest prime factor of r − 1;

7. if ( q ≥ 4
√

r log n ) and ( n(r−1)/q 6≡ 1 (mod r) )

8. break;

9. r → r + 1;

10. }

11. for a = 1 to 2
√

r log n

12. if ( (x−a)n 6≡xn−a (mod xr−1, n) ) output COMPOSITE;

13. output PRIME;

PROBLEM : What’s up with that?
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q is a prime, q ≥ 4
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q is a prime, q ≥ 4
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WANT: There is an integera with 1 ≤ a ≤ 2
√

r log n

such that
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xn − a

)
(mod h(x), p),

wherep is a prime dividingn andh(x) is a monic factor
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n is composite, r is a prime

q is a prime, q ≥ 4
√

r log n

q|(r − 1), q|ordr(n)

HOW TO CHOOSE p: If n = p
e1
1 p

e2
2 · · · pet

t , then

d = ordr(p1) · · · ordr(pt) =⇒ nd ≡ 1 (mod r).

We deduceq|d. Fix p such that

p|n and q|ordr(p).
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q is a prime, q ≥ 4
√

r log n

q|(r − 1), p|n, q|ordr(p)

How do we chooseh(x)?
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Then therth cyclotomic polynomialΦr(x) factors
as a product ofφ(m)/f incongruent irreducible
polynomials modulop of degreef each raised to
theφ(pk) power.
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Let r be a positive integer, and letp be a prime.
Writer = pkm wherep - m. Letf = ordm(p).
Thentherth cyclotomic polynomialΦr(x) factors
as a product ofφ(m)/f incongruent irreducible
polynomials modulop of degreef each raised to
theφ(pk) power.

xr − 1 has a factor of degree ordr(p) modulop

h(x)

Michael Filaseta

Michael Filaseta
factor
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ARITHMETIC M ODULO h(x), p

Well-Known: Arithmetic moduloh(x), p forms a fieldF
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