
Today’s Agenda

• 2D Fourier Transform

• Filtering in Frequency domain



DFT of this Function:

𝐹 0 = ෍

𝑥=0

3

𝑓 𝑥 = 1 + 2 + 4 + 4 = 11

𝐹 1 =? , 𝐹 2 =? , 𝐹 3 =?



FT, FS, DTFT, DFT

https://en.wikipedia.org/wiki/Discrete_Fourier_transform#/media/File:From_Continuous_To_Discrete_Fo

urier_Transform.gif 

Spatial

Frequency

FT FS DTFT DFT

https://en.wikipedia.org/wiki/Discrete_Fourier_transform#/media/File:From_Continuous_To_Discrete_Fourier_Transform.gif
https://en.wikipedia.org/wiki/Discrete_Fourier_transform#/media/File:From_Continuous_To_Discrete_Fourier_Transform.gif


Extension to 2D Fourier Transform

𝐹 𝜇, 𝜈 = න
−∞

∞

න
−∞

∞

𝑓(𝑡, 𝑧)𝑒−𝑗2𝜋(𝜇𝑡+𝜈𝑧)𝑑𝑡𝑑𝑧

𝑓 𝑡, 𝑧 = න
−∞

∞

න
−∞

∞

𝐹 𝜇, 𝜈 𝑒𝑗2𝜋(𝜇𝑡+𝜈𝑧)𝑑𝜇𝑑𝜈



2D Step Function and FT 

𝐹 𝜇, 𝜈 = 𝐴𝑇𝑍
sin(𝜋𝜇𝑇)

(𝜋𝜇𝑇)

sin(𝜋𝜈𝑍)

(𝜋𝜈𝑍)



Extension to 2D Fourier Transform



2D Sampling

𝑆∆𝑇∆𝑍 𝑡, 𝑧 = ෍

𝑚=−∞

∞

෍

𝑛=−∞

∞

𝛿(𝑡 − 𝑚∆𝑇, 𝑧 − 𝑛∆𝑍)



Aliasing in 2D



Aliasing Examples



Aliasing Example



Aliasing Example



2D Discrete Fourier Transform

𝐹 𝑢, 𝑣 = ෍

𝑥=0

𝑀−1

෍

𝑦=0

𝑁−1

𝑓(𝑥, 𝑦)𝑒−𝑗2𝜋(
𝑢𝑥
𝑀

+
𝑣𝑦
𝑁

)

𝑓(𝑥, 𝑦) =
1

𝑀𝑁
෍

𝑥=0

𝑀−1

෍

𝑦=0

𝑁−1

𝐹 𝑢, 𝑣 𝑒𝑗2𝜋(
𝑢𝑥
𝑀 +

𝑣𝑦
𝑁 )

𝑢, 𝑥 = 0,1, ⋯ , 𝑀
𝑣, 𝑦 = 0,1, ⋯ , 𝑁
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Fourier Spectrum and Phase Angle
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Centering the DFT
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Modulation/Translation:



Fourier Spectrum and Phase Angle

𝐹 𝜇, 𝜈 = 𝐴𝑇𝑍
sin(𝜋𝜇𝑇)

(𝜋𝜇𝑇)

sin(𝜋𝜈𝑍)

(𝜋𝜈𝑍)



Fourier Spectrum After Translation and Rotation

𝑓 𝑟, 𝜃 + 𝜃0

𝐹 𝑤, 𝜑 + 𝜃0

𝑥 = 𝑟 cos 𝜃 , 𝑦 = 𝑟 sin 𝜃
𝑢 = 𝑤 cos 𝜑 , 𝑣 = 𝑤 sin 𝜑

𝑓 𝑥 − 𝑥0, 𝑦 − 𝑦0

𝐹 𝑢, 𝑣 𝑒
−𝑗2𝜋

𝑢𝑥0
𝑀 +

𝑣𝑦0
𝑁

⇓
𝐹 𝑢, 𝑣



The Roles of Fourier Spectrum and Phase 

Angle



2D Convolution Theorem (Zero Padding)

1−+ BAP

Length for the input 

signals after zero-

padding 

Wraparound error



2D DFT Properties



2D DFT Properties (cont.)



2D DFT Properties (Symmetry)

𝑤𝑒 𝑥, 𝑦 = 𝑤𝑒 𝑀 − 𝑥, 𝑁 − 𝑦

𝑤𝑜 𝑥, 𝑦 = −𝑤𝑜 𝑀 − 𝑥, 𝑁 − 𝑦

Even (symmetric):

Odd (antisymmetric): 



2D DFT Properties (cont.)



2D DFT Properties (cont.)



Basics of Filtering in Frequency Domain



Frequency Domain Filtering Fundamentals

𝑔(𝑥, 𝑦) 𝐻(𝑢, 𝑣)𝐹(𝑢, 𝑣)

Centered 𝐹(𝑀/2, 𝑁/2) = 𝑀𝑁 ሜ𝑓(𝑥, 𝑦)
dc term



Low-Pass and High-Pass Filters



Effects of Zero-Padding

No padding Padded

Smoothing, no padding Smoothing, padded



Spatial Zero-Padding for the Filter



Summary: Filtering in the Frequency Domain

1. For 𝑓(𝑥, 𝑦), find 𝑃 = 2𝑀, 𝑄 = 2𝑁

2. Form a padded image 𝑓𝑝(𝑥, 𝑦)

3. Centering: Multiply  𝑓𝑝(𝑥, 𝑦) by −1 𝒙+𝒚

4. Compute DFT 𝐹(𝑢, 𝑣)

5. Generate a real symmetric filter 𝐻(𝑢, 𝑣) of a size 𝑃 × 𝑄, 
centered at (𝑃/2, 𝑄/2) and make 𝐺(𝑢, 𝑣) = 𝐻(𝑢, 𝑣)𝐹(𝑢, 𝑣)

6. Obtain the processed image (should be real in theory)

7. Obtained the final processed results 𝑔(𝑥, 𝑦) from the top left 
𝑀 × 𝑁 region
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An Example



The FT of a Gaussian function is still a Gaussian function

Correspondence to the Spatial Domain Filter



An Example (Sobel Mask)



Image Smoothing Using Frequency Domain 

Filters – Ideal Lowpass Filter



Locating the Cut-Off Frequency



Applying the ILPF – Blurring and Ringing

Original ILPF, cutoff 10,

Energy 87% 

ILPF, cutoff 30

Energy 93.1%  

ILPF, cutoff 60

Energy 95.7%  

ILPF, cutoff 160

Energy 97.8%  

ILPF, cutoff 460

Energy 99.2%  



Why?



Butterworth Lowpass Filters (BLPF)
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𝐷0 is the cutoff frequency



Applying the BLPF

Order 2

Original 

ILPF, cutoff 10

Energy 87% 

ILPF, cutoff 30

Energy 93.1%  

ILPF, cutoff 60

Energy 95.7%  

ILPF, cutoff 160

Energy 97.8%  

ILPF, cutoff 460

Energy 99.2%  



Different-Order BLPF



Gaussian Lowpass Filters 
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Applying the GLPF
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