Smooth Functions

> Eventually nhondecreasing function:

S (n) < f(ny), for n,<n <n,
e.g., n, logn, n2, 2" Is sin(n) eventually nondecreasing?

> Smooth function:

f(n) is eventually nondecreasing and f(2n) € ®(f(n))
« f(n) cannot grow too fast, e.g., n, logn, n2
« 2" n!are not smooth functions




Properties of Smooth Functions

> If f(n) is a smooth function, for any constant integer 5 > 2
f(bn)e®O(f(n)) (See Appendix B for the proof)
» Smoothness rule:

T (n) is eventually non decreasing and f(n) is a smooth
function

it T(n)eO(f(n))for n=b"b>2
then 7'(n)e®(f(n)) foreveryn

« Analogous results hold for big O and big Q
(See Appendix B for the proof)



A General Divide-and-Conquer Recurrence:
Master Theorem

T(n) is an eventually nondecreasing function

T(n) =aT (g) + f(n) where f(n) e ®(n%),a>1,b>2,c>0,d =0

T(1) = ¢ -- General Divide-and-Conquer Recurrence

. ] log, n J
Closed form solution: T(n) = 0| T(1) + Zf( )
a < b? T(n) € O(n% ) )
a = b T(n) € O(nlogn)

a > b T(n) € O(nl°8:9)



Example of Using Master Theorem

T(n)= nlogb

')+ l(% (bj)

Jla

T(n) = T/2) +1 ™ g=1b=2,f(n) =1

T(1)=2

T(n) = nlogz21

!

log, n |

T(1) + z :

=nO[T(1) +logy,n] =2 +log, n

a=1b=2,d=0, ‘a-—bdﬂT(n) € 0(logn)



Example of Using Master Theorem

T(n)=n"*" T(1)+10gin (b )

Jla

T(n) =2T(n/2) +3n ™) q=2b=2,f(n) =3n

T(1)=2 _ ¥
log, n 3 4 2].
T(n) = nl°822|T(1) + z 57| = nt[T(1) + 3log, n]
j=1

=2n+ 3nlog2_n
a=2b=2d=1m8 g=)% mm) T(n) € O(nlogn)



Example of Using Master Theorem

log, n

T(n)= nl"gb“ T()+ Z

(b’ ]

T(n) =3T(n/2) +n ™ g=3b=2f(n)=n

T(1)=2

m=) T(n) = nlo823

log, n

T(1) + 2 3]'

2\ J
How to calculate Z ng " (3) ?

In Appendix A, Y1 ,a

n+1_

_ nlogz

(a;tl)

3 -T(1) + z

log, n

j=1

(2

3

/




Example of Using Master Theorem

T(n)=n"*" T(1)+10gin (b )

T(n) =3T(n/2) +n ™ g=3b=2f(n)=n
T(1)=2

log, n

;
m=) T(n) = nl°823 |T(1) + 2 (g) ~ 4710823

j=1

Order of growth?  0(n!°82 3)
a=3,b=2d=1 m==m) g>pd =) T(n) € O(n'oz3)



More Example of Using Master Theorem

a < b? T(n) € O(n9)
a = b? T(n) € O(nélogn)
a > bt T(n) € O(nl°8r )

T(n) = 2T(n/2) +1 == a=2 b=2, d=0,[a>b? [T(n) € O(n)
T(n) = T(n/2)+n  =mpa=1, b=2, d=1,a<bd|T(n) € O(n)
T(n) = 3T(n/2)+ n2 ™= a=3, b=2, d=2,[a<bd|T(n) € O(n2)




Summary: Methods for Solving Recurrence
Relations

Forward substitutions
Backward substitutions

Linear 2"9 order recurrences with constant
coefficients

Following the solution to important recurrence
type if appliable

Master Theorem for general divide-and-conquer
recurrence



Reading Assignment

Chapter 3.3 Closest-pair and Convex-Hull Problems by Brute
Force

Chapter 3.4 Exhaustive Search



