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Abstract

This paperpresentsa novel graph-theoreticapproach,namedratio con-
tour, to extractperceptuallysalientboundariesfrom asetof noisybound-
ary fragmentsdetectedin real images.Theboundarysaliency is de�ned
using the Gestaltlaws of closure,proximity, and continuity. This pa-
per �rst constructsanundirectedgraphwith two differentsetsof edges:
solid edgesanddashededges.The weightsof solid anddashededges
measurethe local saliency in andbetweenboundaryfragments,respec-
tively. Thenthe mostsalientboundaryis detectedby searchingfor an
optimalcycle in thisgraphwith minimumaverageweight.Theproposed
approachguaranteestheglobaloptimalitywithoutintroducingany biases
relatedto regionareaor boundarylength.Wecollectavarietyof images
for testingtheproposedapproachwith encouragingresults.

1 Intr oduction

Humanvision andneuralsystemspossessvery strongcapabilitiesof identifying salient
structuresfrom variousimages. Implementingsuchcapabilitieson a computeris an im-
portantbut extremelychallengingproblemfor arti�cial intelligence,computervision,and
machinelearning.Themainchallengescomefrom two closelyrelatedaspects:(a) thedef-
inition of thestructuralsaliency, and(b) thedesignof ef�cient algorithmsfor �nding the
salientstructures.On onehand,we expectvery comprehensive andadvancedde�nitions
of thesaliency so that it modelsaccuratelythehumanperceptualandvisualprocess.On
theotherhand,we expectsimplede�nitions of saliency sothattheglobaloptimumcanbe
foundin polynomialtime.

Previousmethodsfor salient-structuredetectioncanbegroupedinto two classes.The�rst
classof methodsaims to directly group or segmentall the imagepixels into somedis-
joint regions,whichareexpectedto coincidewith theunderlyingsalientstructures.Earlier
efforts includethe region-merging/splittingmethods,watershedmethods,andthe active-
contour-like methods.Thosemethodsusuallyhave dif�culties in �nding theglobally op-
timal boundariesin termsof theselectedsaliency de�nitions. Recentlywe have witnessed
someadvancedmethods,likeratioregion[5], minimumcut[17], normalizedcut[14], glob-
ally optimal region/cycle [9], andratio cut [15], which aim to produceglobally optimal
boundaries.However, thosepixel-groupingbasedmethodsusuallyhave dif�culties in ef-
fectively incorporatingperceptualrules,suchasboundarysmoothness,into their saliency
de�nitions.



Insteadof operatingdirectly on the imagepixels, anotherclassof methodsis designed
basedon somepre-extractedboundaryfragments(or for brevity, fragments) 1, which can
beobtainedusingsomestandardedge-detectionmethodslike Canny detectors.As shown
in Fig.1(a),althoughthosefragmentsaredisconnectedandcontainseriousnoise,they pro-
vide abundantinformationon boundarylength,tangentdirections,andcurvatures,which
cangreatlyfacilitatetheincorporationof advancedperceptualruleslikeboundarysmooth-
ness. Shashuaand Ullman [13] presentsa parallel network model for detectingsalient
boundarybasedon fragmentproximity, boundarylength,andboundarysmoothness.Re-
centdevelopmentin this classincludesAlter andBasri [2], Jacobs[8], SarkarandBoyer
[12], Guy andMedioni [7], Williams andThornber[16, 11], andAmir andLindenbaum
[3]. However, many of themstill havedif�culty in �nding theclosedboundariesin asense
of globaloptimalitywith respectto thegivenboundary-saliency measure.ElderandZucker
[6] usetheshortest-pathalgorithmto connectfragmentsto form salientclosedboundaries.
However, theresultshave abiasto produceboundarieswith shorterlength.

This paperpresentsa new graphbasedapproachto extractsalientclosedboundariesfrom
asetof fragmentsdetectedfrom realimages.Thisapproachseeksagoodbalancebetween
thecomplexity of thesaliency de�nition andthecomplexity of theoptimizationalgorithm.
Theboundarysaliency is basedon thewell-known Gestaltlaws of closure,proximity, and
continuity. To avoid the variousbiasesasin Elder andZucker [6], this paperde�nes the
boundarysaliency astheaveragesaliency alongthewholeboundary. We �nally formulate
the salient-boundarydetectionprobleminto a problemfor �nding an optimal cycle in an
undirectedgraph. We show this problemis of polynomial time-complexity andgive an
algorithmto solve it. Theproposedalgorithmis thentestedonavarietyof realimages.

2 ProblemFormulation

(b)(a) (c) (d)

Figure1: An illustrationof detectingsalientboundariesfrom somefragments.(a) Bound-
ary fragments,(b) salientboundaryby connectingsomefragmentswith dashedcurves,(c)
asolid-dashedgraph,and(d) analternatecycle in (c).

Thebasicprimitivesin theratio-contourapproacharea setof noisy(boundary)fragments
extractedby edgedetection.For simplicity, herewe assumeeachdetectedfragmentis a
continuousopencurve segmentwith two endpoints,asshown in Fig. 1(a). Our goal is
to identify andconnecta subsetof fragmentsto form the mostsalientstructuralbound-
ary asshown in Fig. 1(b). In this paper, we measurethe boundarysaliency usingsim-
ple Gestaltlaws of closure,proximity, andcontinuity. Theclosuremeansthat thesalient
boundarymustbea closedcontour. Theproximity implies thatwe desirerelatively small
gaps(dashedcurvesin Fig.1(b)) in connectingthefragments.Thecontinuityindicatesthat
theresultingcontourshouldbecontinuousandsuf�ciently smooth.

Let theparametricform of a boundaryB bev(t); 0 � t � 1. We have v(0) = v(1) asthe
boundaryis closed.Consideringtheboundaryproximity andthecontinuity, we de�ne its

1Most literaturesusetheterminologyedge insteadof fragment. However, in this paperedge has
otherspeci®edmeaningin agraphmodel.



cost,which is negatively relatedto theboundarysaliency, as

R(B ) ,
T(B )
L(B )

=

R
B [� (t) + � � � 2(t)]dt

R
B dt

; (1)

where� (t) = 1 if v (t) is in thegapand� (t) = 0, otherwise.� (t) is thecurvatureat v (t).
We canseethattheun-normalizedcostT(B ) combinesthetotal gap-lengthandcurvature
alongtheboundaryB andhasbiasto producea shortboundary. Theissueis addressedin
(1) throughnormalizingT(B ) by theboundarylengthL(B ). Themostsalientboundary
B is thentheonewith theminimumcostR(B ). Theparameter� > 0 is setto balancethe
weightbetweenproximity andcontinuity.

We canformulatetheabove costinto anundirectedgraphG = (V; E) with verticesV =
f v1; v2; � � � ; vn g andedgesE = f e1; e2; � � � ; em g. A uniquevertex is constructedfrom
eachfragmentendpoint.Two differentkindsof edges,solid edgesanddashededges,are
constructedbetweenvertices.(a) If vi andvj correspondto thetwo endpointsof thesame
fragment,weconstructasolidedgebetweenvi andvj to modelthis fragment.(b) Between
eachpossiblevertex pairvi andvj , weconstructadashededgeto modelthegapor avirtual
fragment(dashedcurvesin Fig. 1(b)). An exampleis shown in Fig. 1(c),which is madeup
of 3solidedgesfor threefragmentsandall 15possibledashededges.Forclarity, sometimes
we call the boundaryfragmenta real fragmentwhenboth real andvirtual fragmentsare
involved.

Theconstructedgraphalwayshasevennumberof vertices,aseachreal fragmenthastwo
endpoints.More interestingly, no two solid edgesareincidentfrom the samevertex and
eachvertex hasexactly one incidentsolid edge. We namesucha graphan (undirected)
solid-dashedgraph.Wefurtherde�ne analternatecyclein asolid-dashedgraphasasimple
cycle that traversesthe solid edgesand dashededgesalternately. Examplesof a solid-
dashedgraphand an alternatecycle are given in Fig. 1(c) and (d), respectively. Since
a boundaryalways traversesreal fragmentsand virtual fragmentsalternately, it can be
describedby an alternatecycle. Note that not all the cycles in a solid-dashedgraphare
alternatecycles,becausetwo adjacentdashededgescanappearsequentiallyin the same
cycle.

Accordingto thecostfunction(1), wede�ne aweightfunctionw(e) anda lengthfunction
l(e) for eachedgee. For convenience,we de�ne B (e) asa function that givesthe (real
or virtual) fragmentcorrespondingto an edgee. Then the weight w(e) , T(B (e)) =R

B (e) [� (t) + � � � 2(t)]dt is theun-normalizedcostonB (e). Theedgelengthl(e) is de�ned
asthe lengthof B (e). We canseethat themostsalientboundarywith minimumcost(1)
correspondsto analternatecycleC with minimumcycle ratio

CR(C) =

P
e2 C w(e)

P
e2 C l (e)

:

Fragmentsextractedfrom real imagesusuallycontainnoise,intersections,andevensome
closedcurves,whichcausedif�culties in estimatingthecurve length,curvature,andthere-
fore, theedgeweightandlength. We will describea spline-basedmethodto addressthis
problemin Section4. In the following, we �rst presenta polynomial-timealgorithmto
identify thealternatecyclewith theminimumcycle ratioCR(C).

3 Ratio-Contour Algorithm

For simplicity, wedenotethealternatecyclewith minimumcycleratioasMRA (Minimum
RatioAlternate)cycle. In thissection,weintroduceagraphalgorithmfor �nding theMRA
cycle in polynomialtime. This algorithmconsistsof threereductions.(a) Both theweight



and edgelength of the solid edgescan be set to zero by merging them into the weight
andlengthof their adjacentdashededges,without changingtheunderlyingMRA. (b) The
problemof �nding an MRA cycle canbe reducedto a problemof detectinga negative-
weightalternate(NWA) cycle in thesamegraph.(c) FindingNWA cyclesin asolid-dashed
graphwith zerosolid-edgeweightsandzerosolid-edgelengthscanbereducedto �nding a
minimum-weightperfectmatching(MWPM) in thesamegraph.FindingMWPM hasbeen
shown to beof polynomial-timecomplexity with variousef�cient algorithmsavailable.

3.1 SettingZero-Weight and Zero-Length to Solid Edges

As illustratedin Fig. 2(a)and(b), eachsolidedgee canonly beadjacentto asetof dashed
edges,sayf e1; e2; � � � ; eK g, in a solid-dashedgraph,andno two solid edgesareadjacent
to eachother. Therefore,we candirectly merge the solid-edgeweight and length to its
adjacentdashededgesby

(
w(ek )  w(ek ) + w(e)

N k

l (ek )  l (ek ) + l (e)
N k

; k = 1; 2; � � � K ;

whereNk = 2 if ek sharesonevertex with e asin Fig. 2(a)andNk = 1 if ek sharesboth
verticeswith e asin Fig. 2(b). Thenwe resetthe weight andlengthof this solid edgeto
zero,i.e.,w(e) = 0; l(e) = 0. Thismergingprocessis performedonall solidedges.While
solid anddashededgesaretraversedalternatelyin an alternatecycle, it is not dif�cult to
achieve thefollowing conclusion.

Lemma 3.1 Theaboveprocessingof edge weightsandedge-lengthsdoesnot change the
cycleratio of anyalternatecycles.

e1

ek

e1

(d)(a) (b) (c)

e
e

Figure2: An illustrationof reductionsin ratio-contouralgorithm. (a) Merging theweight
and length of a solid edgeto its adjacentdashededges. (b) A specialcasefor weight
merging. (c) A perfectmatchingin a solid-dashedgraph. (d) Derived cycle from the
perfectmatchingshown in (c).

3.2 Reducingto Negative-Alternate-CycleDetection

The following lemmaclaimsthat MRA cyclesareinvariant to somemoregenerallinear
edge-weighttransforms.

Lemma 3.2 TheMRA cyclein a solid-dashedgraph G = (V; E) is invariant to the fol-
lowing linear transformon theedge weight

w(e)  w(e) � b� l (e); 8e 2 E: (2)

The proof for this lemmais similar to the onewe gave for generalratio-cycle detection
problem[15]. Notice that all the edgelengthsarenon-negative. Therealwaysexists an
optimal b = b� so that after weight transform(2), the MRA cycle hasthe cycle ratio of
zero. In this case,theMRA cycle is thesameasthecycle with total edgeweightof zero.



The detectionof the optimal b� andthe MRA cycle canthenbe reducedinto a problem
of �nding theNWA cycle (negative weightalternatecycle). Basically, if we candetectan
NWA cycleaftertheedgeweighttransform(2), weknow b > b� . Otherwise,weknow that
b � b� . With anNWA cycledetectionalgorithm,wecanusebinaryor sequentialsearchto
locatetheoptimalb� andthedesiredMRA cycle. This searchprocessis polynomialif all
theedgeweightareintegers[15]. In addition,with the�rst reductionmentionedin Section
3.1, it is easyto seethat the linear transform(2) alwayspreserveszeroweight andzero
lengthfor all solidedgesin thissearchprocess.

3.3 Reducingto Minimum Weight Perfect Matching

Theproblemof detectinganNWA cycle in asolid-dashedgraphcanbereducedto aprob-
lemof �nding aminimumweightperfectmatching(MWPM) in thesamegraph.A perfect
matchingin G denotesasubgraphthatcontainsall theverticesin G while eachvertex only
hasoneincidentedge.An exampleis shown in Fig. 2(c),wherethreethick edgestogether
with theirverticesform aperfectmatching.TheMWPM is theperfectmatchingwith min-
imum total edgeweight. As all thesolid edgesform a trivial perfectmatchingwith total
weightzero,theMWPM in oursolid-dashedgraphshouldhave non-positive totalweight.

We canconstructa setof cyclesfrom a perfectmatchingP by (a) removing from P all
thesolidedgesandtheirendpoints,and(b) addingto P any solidedgesin thesolid-dashed
graphG whosetwoendpointsarestill in P aftertheremoval in (a). Theremainingsubgraph
mustconsistof a setof cyclesbecauseeachremainingvertex hastwo incidentedges:one
is solid and the otherone is dashed.This alsocon�rms that all the resultingcyclesare
alternatecycles. An exampleof this reductionis shown in Fig. 2(d), which is constructed
from (c). As all thesolid edgeshave zeroweightandzerolength,it is not dif�cult to see
thatthetotalweightof theperfectmatchingis thesameasthetotal weightof theresulting
cycles. Therefore,the NWA detectionproblemis reducedinto a problemof �nding a
perfectmatchingwith negative totalweight.This is thesameastheproblemof �nding the
MWPM, which is of polynomial-timecomplexity [1].

4 Edge-Weight and Edge-LengthFunctions

Weneedto estimatethecurvatureandlengthof bothrealandvirtual fragmentsfor de�ning
w(e) andl(e) of solid anddashededges.To dealwith the noiseandaliasingin detected
fragments,we imposea pre-smoothingprocesson thosefragments.In this paper, we ap-
proximatea fragmentby asetof quadraticsplineswith theparametricform

�
x i (t i )
yi (t i )

�
=

�
x i
yi

�
+

�
A i B i
Ci D i

� �
t2
i

t i

�
;

where0 � t i � 1 is theparameterfor thespline.Wedevelopedaniterativealgorithm[10]
to estimatetheoptimalparametersx i , yi , A i , B i , Ci , andD i minimizingacomprehensive
cost function that measuressmoothness,underthe constraintof C0 andC1 continuities
acrossthe fragment.An exampleis illustratedin Fig. 3 wheresolid curvesin (a) and(b)
are fragmentsbeforeandafter smoothing. More discussionandanalysison this curve-
smoothingmethodcanbefoundin ourpreviouswork [10].

With theparametricform of quadraticsplines,thetotal lengthandthecurvaturealongareal
fragmentcanbecomputedby summingover eachsplineits lengthandits total curvature
as

l i =
Z 1

0

p
(2A i t + B i )2 + (2Ci t + D i )2dt;

Z 1

0
� 2

i (t)dt =
Z 1

0

4(A i D i � B i Ci )2

[(2A i t + B i )2 + (2Ci t + D i )2]3
dt;



wherel i is thelengthand� i (t) is thecurvaturefunctionof thei th spline.

However, estimatingthesequantitiesfor avirtual fragmentis not trivial, asno information
is givenon how thevirtual fragmentshouldlook like. We take thefollowing approachto
computethedashed-edgeweight.First,apairof endpointsinvolvedin formingaparticular
dashededgeis connectedwith a straightline. Thena new curve segmentis constructed
by connectingthis straightline andadjacentfragments.Thesmoothingprocessdescribed
above is appliedto this new curve segment. In this smoothedcurve segment,the virtual
fragmentis then the part correspondingto the straight line beforethe smoothing. The
dashedcurve in Fig. 3(b) shows a resultingvirtual fragmentusedfor estimatingcurvature,
length,and�nally edgeweight.

(a) (d)(c)(b)

Figure3: An illustrationof theedgeweightestimationprocess.(a) Two noisyfragments.
(b) Smoothedreal fragmentsandan estimatedvirtual fragment. (c) Fragmentsobtained
by Canny detector. (d) Smoothedfragmentsafterbreakingundesiredconnections,corre-
spondingto the portion of the box in (c). Crossingsspecify the endpointsandbreaking
points.

In real implementation,anotherissueis that the detectedfragmentsusingedgedetectors
may not be disjoint opencurvesasassumedin Section2. It is commonthat somefrag-
mentsareconnectedin theform of intersections,attachments,andevenundesiredclosure,
asshown in Fig. 4. Therefore,we needto breakthoseconnectionsto constructthegraph
model. First, we identify the intersectionpointsandsplit themto getmultiple openfrag-
ments.An exampleis shown in Fig. 4(a)and(d), whereanintersectionpoint is brokeninto
threeendpoints.In theconstructedgraph,they (u1, u2, andu3) areconnectedby dashed
edgeswith zeroweightandzerolength.Attachmentspeci�esthecasewheretwo fragments
areundesirablyconnectedinto a singlefragmentasshown in Fig. 4(b). This greatlyhurts
thereliability of salientboundarydetectionasthoseattachedfragmentsmayexcludemany
desireddashededgesfrom the graph. We alleviate this problemby splitting all the frag-
mentsat their high-curvaturepoints,asillustratedin Figs.4(b) and(e). Similarly, we can
breakclosedfragmentsinto openfragmentsathigh-curvaturepoints,asshown in Fig. 4(c)
and(f). Notethat theidenti�cation of high-curvaturepointsrequiresthesmoothingof the
noisy fragments.We apply the samesmoothingtechniquedescribedabove to eachfrag-
ment for this purpose.Figures3(c) and(d) show an exampleof dealingwith the above
specialcases.

5 Experimentsand Discussion

In thissection,wetesttheproposedratio-contouralgorithmtoextractthesalientboundaries
from real images.For initial fragmentdetection,we usethestandardCanny edgedetector
in theMatlabsoftwarewith its default thresholdsettings.We alsoadoptthe Blossom4
implementation[4] of theminimum-weightperfectmatching.

Oneproblemin the implementationis theconstructionof dashededges,which maybeof
a very largenumber(O(n2)) if we connectevery two possiblevertices.In this paper, we
constraintheproximity to reducethenumberof dashededges.In theimplementation,for
eachvertex, we only keepcertainnumberof incidentdashededgeswith smallestlength.
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Figure4: An illustrationof fragmentidenti�cation andgraphconstructionin somespecial
cases.(a), (b), and(c) show the detectedfragmentswith intersections,attachments,and
closures.(d), (e),and(f) aretheconstructedgraphsfrom (a), (b), and(c), respectively.

This numberis uniformly setto 20 in all experiments.Meanwhile,we setthe parameter
� = 50 in the edge-weightde�nition. Figure5 shows salientboundariesdetectedfrom
sevenreal images,togetherwith theinitial fragmentsfrom Canny detector. It canbeseen
that the proposedmethodintegrateswell the Gestaltlaws of proximity, continuity, and
closure.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 5: Salientboundariesdetectedfrom somereal imagesusing the proposedratio-
contouralgorithm. Eachsub�gure from (a) to (g) containsthreeimages,left: original
images,middle: Canny detectionresults,andright: thedetectedmostsalientboundaries.

6 Conclusions

We have presenteda novel graph-theoreticapproach,namedratio contour, for extracting
perceptuallysalientboundariesfrom a setof noisy boundaryfragmentsdetectedin real
images.Theapproachguaranteestheglobaloptimality without introducingany biasesre-



latedto region areaor boundarylength,andexhibits promisingperformancein extracting
salientobjectsfrom realclutteredimages.Onepotentialextensionof this researchis to ex-
tractmultiplesalientobjectsthatareoverlappedor sharepartof boundariesby performing
ratio-contouralgorithmiteratively. We arecurrentlyinvestigating this extensionandplan
on reportingtheresultin thefuture.
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