
correspondence error is measured by the required bit-length
to transmit the resulting statistical shape model and all
the training shape instances used to construct this model.
Given the high complexity of this shape-correspondence
error, random optimization algorithms, such as the ge-
netic algorithm [10, 13, 24, 29, 30], are usually used to
solve this problem. Recently, Heimann et al. [17] adapted
this MDL-based shape-correspondence error and suggest a
gradient-descent algorithm to �nd a local-optimal solution.
In SPHARM, using the �rst order ellipsoid from the spheri-
cal harmonic coef�cients, the spherical parametrization are
aligned to establish the correspondence across 3D shape in-
stances [4]. However, both MDL [17] and SPHARM can
only handle genus-0 closed-surface shape since they need to
�rst apply a conformal mapping to map each shape surface
to a sphere. Furthermore, both methods are computationally
expensive given the complexity of the conformal mapping.

In this paper, we develop a new landmark-sliding based
algorithm to achieve a faster 3D correspondence for both
closed- and open-surface shapes. Speci�cally, we �rst con-
struct a rough initial correspondence between two shape
surfaces by removing the possible translation, rotation and
scaling transformations. We then slide these roughly cor-
responded landmarks on the respective shape surface to
minimize a speci�ed shape-correspondence error. In this
paper, we use 3D thin-plate splines to model the shape-
correspondence error so that the proposed algorithm is in-
variant to af�ne transformations and more accurately re-
�ects the nonrigid biological shape deformations between
different shape instances. We conduct experiments on 41
instances of closed-surface hippocampus shape and com-
pare the performance of the proposed method to that of both
MDL and SPHARM. We also apply the proposed method to
correspond 18 instances of open-surface diaphragm shape.

2. Surface Representation and Problem De-
scription

In this paper, we consider three different representations
for each shape surface S: (a) point cloud SP , extracted or
labelled directly from medical images, (b) triangle mesh
ST , constructed from the point cloud SP , and (c) landmarks
SL, identi�ed in the shape correspondence. Among them,
SP is the original data form of the shape surface and con-
sists of a dense set of surface points. ST can be constructed
from these surface points by a mesh-generation tool. In this
paper, we use the COCONE package developed by Dey and
Giesen [11] to generate the triangle mesh ST . The �nally
identi�ed landmarks SL may not be contained in SP , but
they are located on (or very close to) the underlying contin-
uous surface S modelled by SP so that they can represent
well this surface.

For simplicity, let’s consider the case of corresponding

a target shape surface V to a template shape surface U .
Furthermore, we assume that UL, or the landmarks in the
template U , are known and �xed: denote them as ui =
(uix; uiy; uiz), i = 1; 2; : : : ; n. The goal is then to iden-
tify n corresponded landmarks VL, or vi = (vix; viy ; viz),
i = 1; 2; : : : ; n, on the target surface V . If we have an
algorithm to accomplish this two-instance shape correspon-
dence, we can easily extend it to handle multiple-instance
shape correspondence. Speci�cally, to correspond more
than two shape instances, we can pick one of them as the
template, construct the landmarks in this template, and then
repeat the two-instance shape correspondence algorithm to
correspond each of the remaining shape instances to this
template.

The major problem is then to de�ne a shape-
correspondence error � between UL and VL. We wish this
error to well describe the underlying nonrigid deformation
between two shape surfaces. Usually, it is desirable that
this error is invariant to the af�ne transformations of rota-
tion, translation, and scaling. In addition, we wish VL to
well represent the shape surface V instead of being aggre-
gated in a small local area on the surface V . We denote
this shape-representation error to be R(VL) and suggest a
shape-correspondence error in the form of

�(UL; VL) = d(UL; VL) + � � R(VL); (1)

where d(UL; VL) is a measure of the nonrigid shape defor-
mation between UL and VL and � > 0 is a balance factor.

2.1. De�nition of d(UL; VL)

In this paper, we use the 3D thin-plate splines [2, 12, 31]
to model the nonrigid deformation between the template
and target shape surfaces and use the thin-plate bending en-
ergy as d(UL; VL). In particular, the thin-plate spline �nds a
mapping t = (tx; ty; tz) from UL to VL, i.e., vix = tx(ui),
viy = ty(ui), and viz = tz(ui), i = 1; 2; : : : ; n. The thin-
plate bending energy, which measures the required energy
to deform a volume to match these two sets of landmarks,
is then characterized by

d(UL; VL) =

ZZZ 1
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(L(tx) + L(ty) + L(tz)) dxdydz;
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. It can be further simpli�ed to a
quadratic form

d(UL; VL) = vT
x Lvx + vT

y Lvy + vT
z Lvz ; (2)

where vx, vy and vz are the columnized vectors that con-
tain the x, y and z coordinates of the landmarks in VL, re-
spectively. L is the n � n upper left submatrix of

�

K D

DT 0

��1

;



where the n�n matrix K has element kij = � 1

8�
kui �ujk

and the n � 4 matrix D = [1n�1;ux;uy;uz] with ux, uy

and uz being the columnized vectors that contain the x, y

and z coordinates of the landmarks in UL, respectively. The
thin-plate bending energy is invariant to any af�ne transfor-
mation, i.e., if the mapping t is af�ne, the resulting bending
energy is always zero.

2.2. De�nition of R(VL)

Ideally, we may need to check the �tting error between
VL and the continuous surface V underlying the point cloud
VP to de�ne this representation error. However, this may
lead to a very complex function that precludes ef�cient al-
gorithms for optimization. In this paper, we adopt an alter-
native way: we �rst co-align the template U and the target
V by removing their relative rotation, translation and scal-
ing transformations and then require a spatial-distribution
consistency between UL and VL. Here, we simply set

R(VL) =

n
X

i=1

kui � vik
2

after removing the af�ne transformations between U and
V . This can effectively prevent all the target landmarks VL

from aggregating in a small area on the surface V .
Note that, the thin-plate-spline based shape-deformation

measure d(UL; VL) may not be suf�cient to prevent the ag-
gregation of the target landmarks in the shape correspon-
dence. In fact, from Eq. (2), we can see that, if all the coor-
dinates of the target landmarks VL are scaled to half of their
original values, d(UL; VL) will be reduced to one-fourth of
its original value. Therefore, when all the target points are
moved closer to each other, the value of d(UL; VL) may get
smaller. The introduction of the term R(VL) can effectively
avoid this problem. In the following, we develop a shape-
correspondence algorithm to identify target landmarks VL

that minimizes the shape-correspondence error (1).

3. Proposed Method
The proposed shape correspondence algorithm consists

of three steps: (a) ef�ciently aligning U and V by removing
translation, rotation, and scaling transformations, (b) con-
structing the template landmarks UL and an initial estimate
of VL, and (c) re�ning VL by a landmark-sliding algorithm
that minimizes the shape-correspondence error (1).

3.1. Aligning the Target V and the Template U

This step is operated on UT and VT , the triangle mesh
representations of the template and the target. We �rst re-
move the location and scaling differences between UT and
VT by moving their centers of mass to the origin and nor-
malizing their sizes to be the same.

We then remove the rotations between the template and
the target by aligning their principal axes. Consider the tem-
plate shape surface UT as an example. Suppose the tem-
plate triangle mesh UT contains m triangle faces with areas
W1; W2; � � � ; Wm, respectively. For each triangle, we cal-
culate its centroid as the average of its three vertices. De-
note the centroid of these m triangles as c1; c2; � � � ; cm,
respectively. Denote ri = Wici

P

m
j=1

Wj
and each ri =

(rix; riy ; riz)
T is a 3D vector. We can then create a 3 � 3

covariance matrix
2
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Pm
i=1

riyriz
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5 : (3)

Applying an eigenvalue decomposition to this matrix yields
three orthogonal principal vectors e1, e2, and e3 with three
corresponding eigenvalues being sorted in a decreasing or-
der. We then rotate the whole template shape surface so that
e1 and e2 are aligned with x- and y- axes, respectively.

However, we must determine whether to align e1 and e2

to positive or negative directions of the x- and y-axes, so
that they are consistent when processing both template and
target surfaces. In this paper, we calculate

Pm

i=1
Wi(e1�ci),

where � indicates the operation of dot product. If its value
is positive, we align e1 to the positive direction of x-
axis. Otherwise, we align e1 to the negative direction of
x- axis. Similarly, we can use the same strategy to deter-
mine the unique rotation to align e2 to the y- axis. For
the target shape surface, we perform the same eigenvalue-
decomposition and axis rotations. This will make the tem-
plate and target to have the same orientations. There are
rare cases where such eigenvalue-decomposition and axis
rotation strategy fail to work i.e. when any two eigenvalues
of the covariance matrix are too close to each other and/or
the value of

Pm

i=1
Wi(e1 �ci) (or

Pm

i=1
Wi(e2 �ci)) is very

close to zero. However, for most shapes with certain amount
of complexity, we �nd that this strategy can effectively re-
move the rotation transformations between two shape in-
stances.

In some applications, the target V and the template U

may be a priori known to be aligned (or partially aligned)
by having no translation, rotation, and/or scaling transfor-
mations. For example, the diaphragm shape data used in
Section 4 have no rotation transformation among them since
they are extracted from medical images that are known to
be aligned. In such cases, we can turn off the corresponding
aligning operations to save computational time.

3.2. Constructing UL and an Initial Estimate of VL

By selecting one shape instance as the template U , con-
structing the template landmarks UL is independent of any
other training shape instances. The basic consideration is




