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Abstract—Robots must complete their tasks in spite of 1) Solvability Can a given machine can solve a given
unreliable actuators and limited, noisy sensing. In this paper, problem?
we consider theinformation requirementsof such tasks. What 2) Complexity If the machine can solve the problem, how

sensing and actuation abilities are needed to complete a given f ciently (in t fti f |
task? Are some robot systems provably “more powerful” than ef ciently (in terms of time or space, for example) can

others? Can we nd meaningful equivalence classes of robot it do so?
systems? This line of research is inspired by the theory of  3) Comparison Are some machines strictly more power-
computation, which has produced similar results for abstract ful, in terms of the problems they can solve, than oth-

computing machines. The basic idea is a dominance relation
over robot systems that formalizes the idea that some robots
are stronger than others. We show that this de nition is directly

ers? It is known, for example, that pushdown automata
can accept a strictly larger set of languages than can

related to the robots" ability to complete tasks. Our prior work nite automata. Likewise, Turing machines are more
in this area assumes perfect control and sensing, requires that powerful than pushdown automata.
the robot begin with a single xed initial condition within 4) EquivalenceAre there apparently dissimilar machines

a known environment, and models of time as a sequence of that can solve the same set of problems? For example
variable-length discrete stages, rather than as a continuum. In ) ’

this paper, we substantially improve upon that earlier work by it is a standard result that a Turing machine with
addressing these problems. multiple tapes is functionally equivalent to an ordinary

| INTRODUCTION single tape Turing machine. Less obviously, Turing

machines and recursive functions have been shown to
Suppose we want a robot to complete some task, such  have equivalent computation power.

as navigating to a goal, manipulating an object, or locadjzi .
gating 9 P g ) calj These ideas are well understood. In the sense that they

itself within its environment. Many different combinat®of ¢ the f | foundati f the discipline. th A
sensing and motion modalities can be (and have been) usgfﬁm € formal foundation of the discipline, they are par
the core of computer science. Current robotic science

to complete each of these tasks. Indeed, much of the robotll%sk ble foundation: th Id d ed
literature is concerned with ndinguf cient conditionson acks a comparable foungation, the €id needs a unie

the sensing and actuation capabilities needed to complé eoryrlnn IWQiItCh Tfag'rt]?ﬂf[l slt(atemnzn:ﬁ c?nbbte matd(:nabv?lut
such tasks. In this paper we take a different approach. F € compiexity of robolic tasks a € robot systems we

a given task, we are interested in determining rieeessary uild to complete these tasks. .
conditions What sensors and actuators are needed? Whatcan we adapt standard models of computation to the
are theinformation requirementsf robotic tasks? The long "OPOtCS context? Unfortunately, these models are fundame
term goal of this research is to develop a theory of robot!ly ill suited for studying robotics problems. They assim
and sensing that helps in answering such questions. Answ&rgt all of the relevant information is supplied ahead ofetim

to these questions are important because we expect thaP™h the machine's tape. Sensing and uncertainty are central

deep understanding of the dif culty of tasks in terms Ofde ning issues in robotics. This structure is destroyed hy a

their information requirements will lead to simpler andsles @ Priori encoding of the problem on a machine's tape.
expensive robot designs. Research that studies the competitive ratios of online

methods [16], [25], [26] is a step in the right direction.
This work is useful for understanding how the quality of
This work is inspired in part by the theory of computationoptimal solutions is affected by sensing complexity. How-
which begins with precisely de ned models of abstract maever, online algorithms generally are concerned only with
chines, such as nite automata, pushdown automata, Turingptimality, rather than feasibility. Moreover, researottliis
machines, and so on [14]. In this contexprablemis usually area generally does not consider imperfect sensing oraontr
a language of strings; to solve the problem is to accept The aim of this paper is to develop a “sensor-centered”
Strings in this Ianguage and rejeCt all others. The theory (ﬂf]eory for ana|yzing and Comparing robot Systems_ Our
computation gives answers several kinds of basic questioggntribution is to develop such a theory more completelptha
about these machines and problems. in prior work and to illustrate its usefulness with examples

A. Robots, sensors, and the theory of computation
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1) Information spacesTraditional planning methods fo- to our prior work that models time as a sequence of discrete
cus on the robot's progression through a space of stategages. We make concluding remarks and discuss open prob-
What happens when the state is hidden and sensing therdbsns in Section VI. We illustrate with examples throughout.
becomes relevant? One approach is to sts¢e estimation
in which the robot uses the information available to it to Il. RELATED WORK

make an “educated guess” about its state. Then the robolyyg partially address issues issues of robot comparison and
can treat this estimated state as its true state and ignere Hbminance in prior work [23], in which we establistdami-
uncertainty. We, however, are interested in a broader claggncerelation over robot systems. Although it was intended
of tasks for which accurate state estimation is impossibleg 4 preliminary step toward a general theory of robots and

Mason [22] gives an example of sweeping a oor on whichsgngors  that work has several important shortcomings that
dirt cannot be detected; the robot must sweep “virtual dirtji;it its applicability.

to ensure that the oor is eventually clean.

The relevant space for such problems is the robiot's
formation spaceThis space fully describes the information
available to the robot, including its initial condition, eth
history of actions it has applied, and the history of sensor
observations it has received. The robot's “state” in thiacep )
is always fully known. Information spaces originated in gam
theory [17], but have been used in robotics for some time [2],
[10], [13], [19]. The recent book by LaValle [18] explains
and develops the idea thoroughly.

Of course, sensor data in its raw form is frequently unin-
formative. This motivates our study offormation mappings
into derived information spacessuch a mapping could be
based on probabilistic or nondeterministic models of the
robot's sensors and environment. Other more drastic or
problem-speci ¢ mappings are also possible. The choice of
an information mapping determines the conclusions thetrobo
can make about its state and indirectly the problems thetrobo
can solve. Consequently, the choice of an information map-
ping and a derived information space are crucial modeling
decisions.

2) Games against natureRealistic models of robot mo-
tion and sensing include the possibility of errors and un-
certainty. We follow the approach used in game theory [4],
[24] and represent this uncertainty by envisioning an alostr
external decision maker called “nature.” The current state
the action chosen by the robot, and the choices made by
nature combine to determine how the state changes; given
this information, the state trajectory is fully determined  In this paper, we present substantial revisions and extessi

3) Robot dominanceThe centerpiece of this work is a to the framework of [23] to remedy these shortcomings.
preorder over robot systems. The intuition of thEminance Th.ese e_xtensions illuminate several issues and subtleties
relation is that one robot dominates another if and only if it€vident in the former paper.
can “simulate” the other in a certain way. The de nition is Our goals are similar to those of Donald [8]. The reduc-
based on a partiaj Order, amformation preference relation tions in that work are similar to our dominance relation;
over information space that indicates which informatiofPonald's notion of calibration is related to our idea of
states are “more informed” than others. A|th0ugh these rénmal conditions. The most fundamental difference isttha
lations admit the possibility that no meaningful compamso Our analysis is rooted in the information space. We claim
can be made, we nd this desirable: physical tasks and rob#tat for robotic problems for which sensing is a crucial essu
systems exhibit complex relationships that can potegtialithe information space is the space in which the problem can
defy comparison. most naturally be posed.

A third line of related research is the work of Erdmann
[11], which is itself grounded in the preimage planning &lea

Section 1l is a brief survey of related work. In Section llldue Lozano-Perez, Mason, and Taylor [20]. In Erdmann's
we give a basic problem de nition. Our de nition of robot work, sensors are modeled by giving a partition of state
dominance and its properties are in Section V. Section ¥pace. The problem of sensor design is choose a partition
relates the continuous-time model we introduce in this papso that from each region in the partition, the robot knows

1) Perfect control- In [23], we assumed that the robot

can execute all of its actions with perfect precision

and complete reliability. The motions of real robots
are imprecise and unpredictable.

Perfect sensing— Although [23] accounts for the

importance of sensing by assuming that the robot is

uncertain of its current state and must rely on sensing,
it assumes that sensor readings are uncorrupted by
noise. A more realistic sensor model would allow
information from sensors to be subject to error.

3) Modeling of time- In [23], time is managed in discrete
stagesThe robot makes a single decision at each stage.
This discretization of time may be unsatisfactory for
many kinds of systems, especially those that require
complicated control strategies. Continuous-time mod-
els have a more direct correspondence with reality.

4) Fixed, known environmert In [23], we assumed
(tacitly) that the robot operates in a xed, known
environment. This assumption, which stems from the
formulation of the current state as the robot's con g-
uration within its environment, is unsatisfactory in all
but the most structured contexts.

5) Identical state spaces The dominance relation in [23]
is only able to compare robots that share the same state
space. To compare robots that are truly dissimilar, the
framework must allow each robot to have a distinct
state space.

C. Organization



Fig. 1. As the robot interacts with its environment, an aitilcdecision ~ Fig. 2. When the environment is uncertain, the identity of therenment
maker nature generates disturbances. becomes part of the state of the system. Above are three statesnf

) ) _example system containing a mobile robot in the plane withrenment
what action to select in order to make progress toward itgicertainty.

goal. . .
Others in arti cial intelligence [6] and control theory [9] B- Actions and transitions
[12] have addressed related issues. The robot in uences its current state by choosing actions
1. BASIC DEFINITIONS from some action spack). At each instantt, the robot
chooses somai(t) 2 U. Let 8, denotecthe space of all

This section contains basic de nitions for planning with
uncertainty in the robot's current state. In summary, thto .~ " ; . -
lives in some state space, beginning at an unknown st%{npl'cm_/ Of, notation, adopt the (':onventlon tl{@t_O) o
state and choosing actions that change the current state iHnee: [0:1)! Uasthe robo'ts co'mplej[e action history,
some possibly noisy way. The current state is hidden fron%nOI Ie_tat 2 19_ denate the robots action history up to (but
the robot, which must rely instead on observations that giv‘:é)(dus'.Ve of) timet. . N .
incomplete and possibly noisy “hints” about the true state. We include a speciatermination actionur 2 U. The

The noise in control and sensing is generated by a ctionfipbOt selectair to indicate that it has nished its task and

external decision maker we calature for which we assume intends to terminate exgcunon. We require that(if) = ur,

some behavior model is known. See Figure 1. Details of thtgenu(to) = ur for aII't > t.'

formulation follow. How do these actions inuence the state? Recall that
. we intend to model disturbances and unexpected events as

A. State spaces and environment spaces interference from nature. Choices made by both the robot

The robot moves in a state spaxe which must be suf- and by nature affect changes in the state. Letlenote a

ciently expressive to encode all of the relevant infornoati nature action space_et €, denote th%space of all functions

about the condition of the world. In a simple caXemight mapping[0;t) into , and let €= 2[0:1 ) €e,. Let ©:

be de ned as the con guration space [21] of the robot in go:1 ) 1 denote the complete history of nature actions

certain environment. Time proceeds continuously stading and € 2 €, the nature action history up to (and including)
t = 0 and continuing inde nitely. The robot's state at time ¢

functions from[0;t) into U, and let8 =, ., ) 8. For

is denotedx(t). S We describe changes in the state witfstate transition
What happens when the robot begins with limited or n@nction
knowledge about its environment, in the sense that position X [ ® €)! Xx: 1)

and geometry of obstacles, map topology, navigability of
terrain, and so on are unknown? Imperfect knowledge about
the environment is a more drastic instance of the gener&he intuition is that, given a starting stat¢0), and action
issue of state uncertainty. If the state is de ned to includ®istories & and & of equal duration for the robot and
a description of the environment in addition to the robot'§1ature respectively, the state transition function corapttie
con guration, then uncertainty in the environment can béesulting state
represented as an additional dimension of state uncertaint f = o) €): 5
Concretely, choose anvironment spack of which each ()= ( x(0);e;%): @
elementE 2 E is a potential environment for the robot. This notation of a “black box” state transition function

Possibilities forE (with varying degrees of realism, interest, follows notation employed in control theory, for example by
practicality, and amenability to analysis), include: Chen [7].

1) the set of bounded planar grids with occupancy maps, gyample 1:A familiar special case of (2) occurs i and

2) the set of simple polygons in the glaqe, and € are smooth functions and there exists a functiosuch
3) the set of compact regions R? or R® with connected that

interiors and piecewise analytic boundaries. Z,
4) the set of terrain maps frorR? to R, giving the ( x(0);e; &)= x(0)+  f(x(s):u(s); (s)ds: (3)
elevation or navigability at each point in the plane. 0
The state space is formed by combining the robot's con guin this case, the system dynamics can be described by the
ration spaceC with E, so thatX = C E . In our models, the differential equatiorx = f (x;u; ).
true environmenk 2 E affects the robot by in uencing the

state transitions that the robot makes and the observationsEx@mple 2:Consider a point in the plane with velocity
that the robot receives. input, for which the motion is subject to noise. Léfax

t2[0;1 )



Fig. 3. [left] The robot in Example 2 gives velocity inputs thtetermine
a nominal trajectory. [right] Nature interferes with thigjgctory, but error

bounds ensure that the nal state is contained in a circleadfust max - ) ) )
Fig. 4. [left] The robot in Example 3 has a sensor that reporntmiay

denote a bound on the magnitude of the commanded velociggtimate of the distance to the origin. [right] Accounting fivise bounded
and let max denote a bound on magnitude of the error irgy max , the observation con nes the robot's state to an annulusidthw

the velocity. LetX = RZ, U = fu 2 R? j jjuj  Umax 0, e
= f 2R2jjj Ji max 9, agd
t

The history information state, since it is composed of
L _ functions of time, is unwieldy in isolation. As a result, we
(x(0);8; )= x(0)+ 0 (u(s) + (9)ds: ) select aderived information spacé and an information

At every timet, the robot can be certain that its state lied"2PPINg st '“| ) Informallny, a f?',e”"ed qurm"atu?nh
within a closed ball of radius nax , centered at the nominal space represents “compression” or “interpretation” of the

(error free, i.ef (0;0)) nal point. See Figure 3. histories. ] ] ] ] ]
We say that a stateis consistentvith an information state
. (t) = (‘&;w) if and only if there exists some starting state
C. Observations x(0) and nature historie8 and € such that( x(0); e; &) =
As time passes, the robot's sensors provide feedback andh(x(t9; €(t9) = y(t9 for t°< t. The next example is

the form of observationsdrawn from an observation spacean information mapping that arises directly from the notion
Y. Let¥ de@te the space of functions mapp[fgt] intoY  of consistent states.
and let® = ,., ) %. The robot's complete observation
. Lo L ) . )
Zlnséﬁgl\z)yls [0’21% ! Y. The observation history up t© I ndet = pow(X) ; . The relevant information mapping is
IS8 o . . ndet - lhist 'l ndet » Under which each history information
Nature interferes with the observations by choosing a . ; L
. . e State maps to the minimal subset Xf consistent with it.
nature observation actiofrom a space . Let €; denote

@e space of functions mappirg; t) into  and let €= The intuition is that (t) gives a set of “possible states” for

€. The robot's complete nature observation actio rt\he robot at timet. Because the robot's true state is always
t2[0;1) t P consistent with its history information state, this set éver

history is € : [0;1 ) ! ; the nature observation action empty.

history up to time (but not including) is & 2 €.. The

observations received by the robot are governed by the

observation functiom : X Y. E. Information feedback strategies

Example 3: Suppose the mobile robot has a sensor that How does the robot decide which actions to select? We
detects the distance to some landmark. Ket= R? and gescribe the robots strategy as a feedback strategy
Y = R. Without loss of generality, position the landmark| st | U that species an action for history information
at the origin. Assume that the sensor has bounded additiygyte. As the robot executes the actions are given by
disturbance, so that = [ max; max] @ndh(x; ) = y)= ( (t)). We call aninformation feedback strategy
IXjj + . See Figure 4. At each instant, the robot knows g, though we de ne as a feedback strategy over the
with certainty that its state is within an annulus of widthyqiq v information space, the next two examples illustrat
2 max centered at the origin. that feedback over a derived information space can some-
D. Information spaces and information mappings times be a natural way to express familiar kinds of strategie
To inform its decisions, the robot has access only to Example 5 (Open loop strategy)et | ime =[0;1 ) and
the histories of actions it has selected and observationsdgnsider the information mapime ( (t)) = t. In this case,
has received so far. That is, to seleit), the robot can the derived information state is simply the time elapsed.
use|; andw. This motivates our de nition of thénistory  Then if the robot has an intended open loop action trajectory
information space I 1 [0;ty) ! U, a strategy to execute is ( (t)) =
[ 8 % (5) P( tme ( (1) ift<t¢ and ( (t)) = ut otherwise.

t2[0:1 )

Example 4 (Nondeterministic information mappindet

I'hist =
Example 6 (Memoryless strategyhnother possibility is
The tuple (t) = (e&;;®) 2 | hist containing the robot's that it is enough to know the “most recent” observation, so
action and sensing histories is the robdtistory information 1ops = Y and ops( (1)) = y(t). Given a memoryless plan
state ;Y I U, the composed functiongps lhist ! Uls



a memoryless information feedback stratégy. preference relation , under which ; 2 means that ,

We assume that a given strategy is executed until {¢ ‘More informed than”,. The only constraint on is that
selectsur. The time when this occurs, the resulting nal 1S Must be a partial order satisfying the following consisie
state, and the observations received along the way are BiPperty for anyt 2 [0;1 ), & 2 8 andg 2 %:

affected by .the strategy itself, the starting statex(0), (1) ( 2) =) ( 1e08) ( 2;ecm);  (6)

and the actions of natur€ and €. Assuming that the _ _ _ o

robot executes , the termination time i ( ;x (0); € €)=  in which the concatenation on the right side indicates thet t
infft 2 [0;1) j ( (t) = urg and the nal state additional history information frone; andg is appended to

is F(;x (0);® © = ( x(0);® ;& ), in which t; = 1 and 2. The intuition is that information preference must
T(:x (0);: € © T be preserved if the same actions are selected and the same

] o observations received from both and ».
Example 7 (Concatenating strategieskiven two strate-

gies 1 and »,, a new strategy that concatenates them (tha;t1 Example 8f Regall I“d.]‘ft from Example 4. Del ne so

is, executes them in sequence) is expressed (byt)) = : at 1 thztltﬁn only It ndet ( 2) . “ﬁalé 1)- Itis easy
L) if 1( (1) 6 ur and ( () = o (1) other- o verify that the consistency property holds.

wise. By nesting this construction, arbitrarily many ststaés B. De nition of dominance

can be chained together. Our goal is a formal way to compare the power of robot

F. Tasks and solutions systems. Consider two robot systeRgs andR, de ned as

A task(or problem) is de ned by a goal regidns | e 1 S€ction Il

in history information space. This notion is a generalizati R, (XD,yD;y®: @O @O D10y (7)

of the traditional idea of a goal state or goal region in R, = (X@:u@:y@, @, @, @10y (@g)

state space. Generallysalutionis an information feedback ’ ’ ’ ' ' '

strategy that reachedss. In the presence of uncertainty in BecausdJ® need not have any special relationship k@ ,

control and sensing, there are two relevant solution cascepand likewiseY () need not be related %6 , the comparison

1) A strategy is apossible solutiorif there exists some Cannot be made directly in the history information space,

time tq, some&, 2 €, and some®€,_ 2 €, such which S|mply recqrds actions and observations. Insteaqb,_ma
that (tg) 21 . The robot may reachg, but it is also the two history information spaces to the same derived

possible that control or sensing errors will prevent ifnformation space. The corresponding information mapping
from achieving this goal. are W 1| é.lgt 'l and @ :| r(“zs)t '

2) A strategy is @uaranteed solutioif there exists some ~ To compare distinct robot systems (perhaps with distinct
time ty such that, for anﬁg and any€ . (tg) 21 6. state spaces) operating in the same family of environments,
The robot can always reach its goal, regardless of at{s€ the environment space construction described in Sec-
interference by nature. tion IlI-A with R; and R, in the same environment space,

1) — 1 2) — 2
Other solution concepts, such as those based on performaﬁ@ethatx( )= E andX®@ =C% E .

bounds or on probabilistic guarantees of reaching the goal, NOW We can state the dominance relation between robot
are possible but we will not consider them here. systems.
IV. COMPARING ROBOT SYSTEMS De nition 1 (Robot dominance)Consider two robotR

In this section, we show that the basic results of [23] stilfjmd R(Zl') If, for al(ll)
hold in our generalized framework. We de ne a dominance (t) 21 ist
relation between robot systems to formalize the informal 2 (t2) 21 g with W ( B (ty)) @ ( O (tp),
idea that some robots are “more powerful” than others, in t‘i’(l)Z [0; 1(131 and
the sense of having richer sensing and motion abilitiess Thi 8o 2 @tg ,
| @

relation has direct implications on the ability of robot®y8s  ihare exists an information feedback strategy: | ¢
) ISt

to complete tasks. U®@ | such that for alix® 2 X @ consistent with @ (t4)
A. Information preference relation andx® 2 X @ consistent with @ (t,), there exist¢9 2

The rst ingredient we need is some notion of whenl0;1 ) such that for all

one derived information state is “better than” another. Fix €9 2 @),

a derived information state and an information mapping ) 2 @
X ) | . . . . . 10 t9 1
s lhist 'l . Equipl with a partial orderinformation o) ) ol and

t9 t9 *

1in [23], we used a slightly different observation model, inigthh : el 2 e®@

X U ! Y. In this context, the time period over which observations t3 tg ¢

are available is the half-open inter@; t); @ is unde ned att itself. As (1) . 0 %)

a result, the closest we can come to a memoryless strategy ietthes if Ry ?Xecmesﬂt% from timet, to t andR; executes

left-hand limit ofg; att, ops( (1)) =lim o , y(t9, provided the limit from timet, to t3, we have

exists. This technicality is part of the motivation for praetiag y from 1) 1.0 2) 110

depending directly om, as we have done in this paper. ( DY) ( @t 9
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Fig. 6. The lost cow of Example 11 searching for a gate.

1 2
952) 352) a statement about the regions of state space reachable by
different control systems.
o« 1 e Suppose three such systeRs, R,, andR3 differ only in
(O F (@) their action spacet)®, U@, andU® . Let Z(A) denote
: the subset of state space reachable by a robot with action
Fig. 5. An illustration of De nition 1. spaceA. SupposeR; E R,. Rz need not be comparable to
) either Ry or R,. Note that additional robot models can be
thenR dominatesk; underl, , and , denotedR1ER2.  ongtructed from unions @, U@ andU® . We have the

If R{ E R, andR; E Rj, thenR; and R, are equivalent
denotedR; R,. If R1 E R, andR,; & R; thenR; and
R, areincomparable denotedR; [E R;.

following results for which we omit the easy proofs because
of space limitations:

(€ @ (©)
Informally, De nition 1 means that, regardless of the Z(U™) Z(U [ U™) (10)
transitions made by, (and regardless of the interference Zu®)y = zUW I uU®) (11)
from natureR; receives), there exists some strategy Ror Z(UD [ u®) Z(U® [ u®) (12)

to reach an information state at least as good, in the sense )
of information preference, as that reached Ry. This is These results are somewhat analogous to Lemmas 2-4 in
what we mean when we describe the statenenE R, as [23]. Note that in combining action spaces in this way, we
meaning thalR, can simulateR;. Figure 5 illustrates this allow the robot to choossequentiallythe action set from

intuition. which to choose its action. The results fail if the robot is
: o somehow allowed to choose actions from each constituent
C. Dominance and solvability :
set in parallel.

Now we can establish the relationship between dominance
and solvability. Fist, we de ne a class of “well-formed” t&s ~ Example 10 (Varying error boundsRecall the incom-
based on the information preference relation. pletely specied models in Examples 2 and 3. Consider
two robot systemdR; and R, with state transitions as in

Example 2 and observations as in ExampleR3; and R,
@ Q@ ang @

De nition 2: Consider a sett | of derived information
states. If, forany; 21 and , 21 with ; 2, we have diff v in th bound
» 2 |, thenl is preference closed fffer only in the error boundSmax , max , max , an
] We will compare these robots undefget .
For any preference closed goal region, we have the follow- Comparing @) 1) 2

(2)
to , and to , there are
ing result. A similar, but weaker (because of the limitasion 4, Co coces: max max max

in robot models) result appeared in [23]. @ ) 1) @)

Lemma 1 (Solution by imitation)Consider two robot ;) :: R ang B e men 22 E 21-
systemsR; and R, with R; E R, and a preference-closed 3) i e i and B e en(z) 1 &)
goal regionl . If there exists a guaranteed solution fg ) thet) ma)éz)an max max O max max

and max max i then RZ[E R]_.

to reachl g, then also there exists a guaranteed solution for

R, to reachl g. This implies that %;x = ﬁgx and ﬁ%&x = Sﬁgx if and
Proof: Execute the strategy, implied by De nition 1 only if Ry R». These results follow in a straightforward

with R,. BecauseR; E Ry, the nal derived information manner from De nition 1. The intuition of this (perhaps

state 0 reached byR, will be preferred to the nal unsurprising) example is that one robot system dominates

derived information statet%) reached byR;. Becausd g is the other if its error bounds are smaller.

preference closed andg) 21 s, we have t(ﬁ) 21 6. Example 11 (A Lost Cow)A well-known problem in on-
! 2 line algorithms is thdost cow problem[1], [15] in which

_ ] ) a near-sighted cow moves along a fence searching for a
~ This section presents a few examples to illustrate theyte as illustrated in Figure 6. The dif culty under the
implications of De nition 1. standard sensing model is that the cow must systematically

Example 9 (Omniscient sensing and perfect control):  search in both directions from its initial position withcarty
Consider a degenerate case with- X, andh(x; )= x. information about the distance or direction to the gate. The
Let = = f0g be dummy singleton sets with no effectinterest in this problem derives from potential applicatio
on state transitions or observations. This situation givds (or at least the potential for better understanding of)
the robot perfect control and complete information abougxploration in unbounded environments.
its state. Choose ( (t)) = y(t) = x(t). Let ; 2 if We formulate the lost cow problem and consider how the
and only if 1 = 5. In this context, De nition 1 becomes sensing model affects the cow's searching ability. Xet=

D. Dominance examples



R, in which x(t) is the position of the gate relative to the The system starts at some (unknown) initial state2 X .
cow at timet. For simplicity, assume perfect control andLetx, 2 X,ux 2 U,yx 2Y, 2 ,and 2 denotethe
perfect sensing by setting= =  f0g. The action space appropriate values at stage These sequences are related to
'ﬁtu =[ 1;1], with = fOgand ( x(0);e; )= x(0)+ each other bx+1 = f (Xk;Uk; «) andyx = h(Xx;Uk; «)-
o U(s)ds. We compare three distinct mode®, C,, and The history information state consists of the action and
Cs under pget - observation histories:x = (ug;y1;:ii;Uc 1;Yk 1) We
1) Ci: Let YD = Randh® (x; )= x. Here the cow Now argue that this discretized system faithfully repréesen
can determine both the direction and distance to thi@e underlying continuous-time system.
gate. _ Lemma 2:Any action sequence;:::;uUx executed by
2) Co: Let Y@ = f 1;0:1g and h(x; ) = sign(x). R reaches the same nal state and the analogous nal
This allows the cow to determine the direction it musfistory information state as doés
move to reach the gate, but not the distance_ PrOOf Ske'ﬁh:use induction Onk and the fact that the
3) Cs: Let Y® = f0;1g andh®@ (x; ) =1 if x =0 Strategies inU are history invariant to show that for each
andh@ (x; )=1 otherwise. This is the standard lost] Kk K, there existd, with the statex, for R equal to
cow sensing model, in which the cow cannot see thihe statex(ty) for R.

gate from a distance, but can detect the gate when it Note, however, that in making this transformation, we may
arrives. restrict the space of strategies that the robot can emglay. |

Perhaps surprisingly, these three models are equivalehein doedsbnolt( contain a suth|entIy nchbselect_lon of ]Lnfofrmertlo_
sense of De nition 1. This comes about as a result of the fadt® ach strategles,l there mayh SI regu()jns Oh md(_)rmat_lond
that each can eventually determine its state (by nding thgPace that are no longer reachable under the discretize

gate) and after the state is known, the state uncertaintyotan M0d€l- It remains an open problem to nd small (or at least
recur. To simulate; with Cs, rst execute the algorithm of succinctly described) sets of strategies that are complete
[1], then move to the state occupied By nearly complete in the sense of not eliminating any reaehabl

regions in information space.
V. ADISCRETE-STAGE MODEL o
B. The role of robotic primitives

This section describes how the continuous-time model . .
In [23], a universe of robot models is generated by a

iven in ion Il is rel he discrete- formu- . ) . . .
Igati(cam of [Szgt]:to s related to the discrete-stage fo Usollection of robotic primitives each of which gives partial

action and observation sets. A complete model is formed
A. Transforming from continuous time to discrete stages py choosing a nonempty subset of primitives. How are
Consider a division of time into variable length stages, ithey related to the continuous time models described in
which, in each stage, the robot executes a single informati®ection [11?7 What role do these primitives play?
feedback strategy to completion. We require of each of these The robotic primitives serve two basic purposes. Firsty the
strategies the following special property: provide a clean way of discretizing time. In the discretayst
De nition 3 (History invariance): If, for all (t) 2 I nis: , model, the physical time taken to _exe_cute eaqr_l primitive
all x 2 X consistent with (t), all €2 € all €2 € and 52 concern_sgt_:ondary to the termination _con_dmons under
which the primitive terminates. This behavior is analogous
to the termination action used in the current paper, and
F(;x; (1);€ ©=F(;x (0);¢€8); (13) can be mimicked by concatenating motion strategies, as in
) , , i Example 7. Second, a catalog of primitives is an effective
then is a history-invariantstrategy. way to generate a set of robot models to consider. Given
The intuition of the de nition is that the robot executing nonempty sets of primitives, it is easy to combine, via ugion
is free to use the observation and action history generateflthese sets, robots constructed from primitives, resgilim
during its own execution, but it cannot peer into the pasi sort of “calculus” over robot models in which individual
before its execution began in order to make decisions.  components can be added or taken away. The appropriate

all y(0) 2 Y, we have

Given a continuous-time robot systenR = analog for our new continuous time systems with nature is
(X;U;Y; ; ; ;h) as in Section Ill and a set of less clear.
history-invariant information feedback strategies, ¢ard a VI. CONCLUSION
discrete-stage systeR = ( X; U;Y; ; ;f; h) as follows:

Although the results we present here are a substantial
improvement over those of [23], there are still important
pieces missing.

1) The state spack¥ is unchanged.
2) The action space ¥ = .
3) The observation space 6= ¥.

4) The nature action space is €. A. Computational issues

5) The nature observation action space3s €. We have focused mostly on the sensing and motion

6) The state transition function fs: X U ! X, with  requirements of tasks. An important related question isto d
f(x; )=F(;x; € (0). termine the kinds of computation power these tasks require.

7) The observation functionis: X U Y. What are the tradeoffs between computation time, memory



(1]
(2]
(3]
Fig. 7. A sample decision problem. What sensing is required ¢adddf
a planar environment is simply connected? What robots camdigth the (4]
annulus environment on the left from the helix on the right? [5]
usage, sensing requirements and solution quality? Is toere
satisfactory way to scalarize these competing objectints i [6]

a single-valued objective function, or should we expect a
single problem will lead to many different Pareto optimal (7,
solutions? Some research has been done on computation

requirements for certain tasks, for example [3], [5]. (8]
B. Reductions and decision problems (9]
One of the most powerful ideas in the theory of compu-
tation that we have not explored here is the ideaenfuc- [10]

tions, which hold promise for comparing robotic problems
themselves. The resulting statements would have the for,
“Problem A is at least as hard as Problem B.” To make things
more concrete, we might considelecision problemsin
which the robot must determine if its environmé&® E has
a certain property. Such problems t naturally as planning
problems in information space. To decidétifhas a property [13]
E !'f 0;1g, the robot must reach the goal region

[14]
Il =f 2lhst j8(AE)2 neet(); (E)=1g [15]
[f 21 hist J 8(q;E) 2 ndet( ); ( E):Og: (14)
An example is in Figure 7.
[16]

C. Parameterization of time

By parameterizing the robot's observations by time, wét’]
have been implicitly assuming that the robot has an accurate
clock. Although such an assumption is generally not techis]
nologically impractical, it requires care in abstract miede [19]
to ensure that the robot cannot acquire extra information
“for free.” For example, in the current scheme, a robot can
use this implicit clock to parlay an accurate velocity senso[zo]
into a perfect odometer. One solution is to exprasand
¢ as functions of some other abstract paramgtemhen,
to recover the original functions of time, the robot mus
determine a hidden mapping froR to R under whichp
maps tot.

1

[22]

D. Cooperation and coordination [23]

In this work we consider only a single independent robot, ]
We might also consider the performance of teams of coop-
erative robots on the same tasks. Such work would requifzs)
an investigation of the joint information spaces that would

: : . X . 126]
arise from the interaction of multiple agents, each havm[_:)
only limited information.
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