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Abstract— We presentan algorithm that computesthe com-
pletesetof Pareto-optimalcoordinationstrategiesfor two trans-
lating polygonal robots in the plane. A collision-free acyclic
roadmapof piecewise-linear paths is given on which the two
robotsmove. Therobotshavea maximumspeedandare capable
of instantly switching betweenany two arbitrary speeds.Each
robot would like to minimizeits travel time independently. The
Pareto-optimalsolutionsare the onesfor which there exist no
solutionsthat are betterfor bothrobots.Thealgorithmcomputes
exactsolutionsin timeO(mn 2 log n), in which m is thenumber
of pathsin the roadmap,n is the numberof coordination space
vertices.An implementationis presented.

I . INTRODUCTION

Collision-freecoordinationof multiple bodiesis a fun-
damentalproblem that has received signi�cant attention
over the last couple of decades.Popular examples of
multibody systemsinclude recon�gurablerobots[5], [9],
[12], [23] andautonomousguidedvehicles(AGVs).In this
paper, we addresscasesin which eachbodyis treatedasa
separaterobotanda roadmap(network of paths)hasbeen
computedfor eachrobot.Eachroadmapavoids collisions
with workspaceobstacles,but asrobotstravel alongtheir
respective roadmaps,collisionsmay occur. The task is to
schedulethe motionsof the robots in a way that avoids
collisionsbetweenrobotswhile minimizing thetime taken
to reachgoals.

Previous approachesto multiple-robot motion plan-
ning are often categorized as centralized or decoupled.
A centralizedapproachtypically constructsa path in a
compositecon�guration space,which is formed by the
Cartesianproductof the con�guration spacesof the indi-
vidual robots(e.g., [2], [3], [19]). A decoupledapproach
typically generatespaths for each robot independently,
and then considersthe interactionsbetweenthe robots
(e.g., [1], [7], [17]). In [4], [16], [20] robot paths are
independentlydetermined,and a coordinationdiagramis
used to plan a collision-free trajectory along the paths.
In [13], [22], an independentroadmapis computedfor
each robot, and coordination occurs on the Cartesian
productof the roadmappath domains.The suitability of
one approachover the other is usually determinedby
the tradeoff betweencomputationalcomplexity associated
with agivenproblem,andtheamountof completenessthat
is lost. In someapplications,suchas the coordinationof

AGVs, theroadmapmight representall allowablemobility
for eachrobot.

Supposethat all pathsin a roadmapareparameterized
with constantspeed,andeachrobot is capableswitching
instantaneouslybetweenbeingat restandmoving at some
�x ed speed(obviously, this assumestransientsare negli-
gible, which is only true in someapplications).What is a
reasonablenotion of optimality in this case?Minimizing
theaveragetime robotstake to reachtheir goal?Minimiz-
ing thetime thatthelastrobottakes?Optimalcoordination
using such scalarcriteria has beenconsideredlong ago
in [11], [15], [21]. The problem with scalarizationis
that it eliminatesmany interestingcoordinationstrategies,
possiblyeven neglectingoptimality for somerobots[14].

We are interestedinsteadin �nding all Pareto-optimal
[18] coordinationstrategies by treatingcoordinationas a
multiobjective optimization problem. Each robot has an
independentcriterion, which leads to a vector of costs.
EachPareto-optimalstrategy is onefor which thereexists
no strategy that would be better for all robots.The ap-
proachcanbeconsideredas�ltering out all of themotion
plans that are not worth considering,and presentingthe
user with a small set of the best alternatives. Within
this framework additionalcriteria, suchas priority or the
amountof sacri�ce one robot makes, can be applied to
automaticallyselecta particularmotion plan. If the same
tasks are repeatedand priorities change,then one only
needsto selectan alternative minimal plan,asopposedto
re-exploring the entirespaceof motion strategies.

In this paper, we introduce an exact algorithm for
�nding all Pareto-optimalcoordinationstrategies for two
polygonalrobots,eachtranslatingalong a �x ed roadmap
of paths.In [14], anapproximatealgorithmwaspresented
for any numberof robotsandpath typesby developinga
Dijkstra-like algorithm that �nds all Pareto-optimalsolu-
tions.To thebestof our knowledge,up to now therehave
been no exact algorithms for computing Pareto-optimal
coordinationstrategies.

I I . PROBLEM FORMULATION

Supposewe have two polygonal robots R 1 and R 2.
For brevity, let i = 1; 2 throughoutthe following sections.
We assumeR i only translatesin the plane.Thereforethe
con�guration spaceof R i is R2. We alsoassumethat we



are given a �x ed roadmapM on which R i moves. The
roadmapM speci�esa connectiongraphanda collection
of continuouspiecewise-linearpathsassociatedwith its
edgesin R2. More precisely, M = (G; 
 ), in which the
graphG consistsof a �nite numberof 0-dimensionalver-
ticesV and1-dimensionaledgesE assembledasfollows.
Eachedgee is homeomorphicto the closedinterval [0; 1]
attachedto V along its boundarypoints f 0g and f 1g 1.
We assumeG is simple, i.e. has no loops. Note that G
neednot necessarilybe connected,which canbe usedto
representthe casewhereeachrobot hasits own roadmap.

In the de�nition of roadmapM , 
 : G ! R2 is a
continuousmapsuchthat for eachedgee 2 E, 
 je : G !
R2 is a piecewise-linearpath in the plane.The length of
eachsuch piecewise-linearpath gives a measureof the
length of the correspondingedge in G. Note that G in
this mannerbecomesa metric spacewith metric d which
conformsto the meaningof length in the plane.

We are also given an initial and a goal con�guration
C init

i ; Cgoal
i 2 Gfor robotR i . Now theproblemis to give

an algorithm to �nd all Pareto-optimalcoordinationsfor
the two robotsR 1 and R 2 moving on G from the initial
con�guration C init

1 and C init
2 to the goal con�guration

Cgoal
1 andCgoal

2 respectively. In the following, we de�ne
the meaningof all thoseterms.

A coordination is a continuous,and piecewise smooth
path in G � G which avoids collision betweenrobots.
Precisely, a continuouspath C : [0; 1] ! G � G from
(C init

1 ; C init
2 ) to (Cgoal

1 ; Cgoal
2 ) is a coordinationfor R 1

and R 2 if for all t 2 [0; 1], robot R 1 at 
 (C1(t))
does not collide with robot R 2 at 
 (C2(t)) , in which
C(t) = (C1(t); C2(t)) . We usethe term coordinationfor
both the above function and its imagewherever thereare
no ambiguities.

Finally, we aregivena costfunctionalJ thatseparately
measuresthe time that eachrobot takes to reachits goal,
undera particularcoordination.Thus,it speci�esa partial
order on the set of all coordinationsC. Each minimal
element in this partial order is called a Pareto-optimal
coordination.

I I I . ALGORITHM PRESENTATION

A. Basic concepts

Cost functional: As it is statedin SectionII, we have
an explicit cost functional J . Particularly, J i denotesthe
amountof time that it takesR i to reachits goalandstop.
This time dependson the speedof R i and the length of
its path. We have so far introducedlength in SectionII.
Without loss of generality, let us assumethat our robots
have a maximumspeedof 1. Under this assumption,the
distancefunction d(x; y) gives the minimum amountof
time that it takesR i to go from x to y on G.

To specifyJ , �rst wede�ne a metricd1 in G� Gwhich
givestheminimumamountof time thatit takesto getboth
R 1 andR 2 from (x1; x2) to (y1; y2). It is naturallyde�ned
by d1 : ((x1; x2); (y1; y2)) 7! max(d(x1; y1); d(x2; y2)) .

1We placeuponG the topologygiven by the endpointidenti�cations.

R 1 R 2

e1

e0

e0 £ e1

Fig. 1. A pair of pathsegmentsand their coordinationcell.

It is easyto verify that d1 is actually a metric. Second,
let L 1 be the functional that gives the length of each
continuouspath in G� G accordingto d1 .

Now for eachcoordinationC, we specifyJ = (J1; J2)
in the following threecases:

� RobotR 1 reachesits goalsoonerthanR 2. Thusthere
is t0 2 [0; 1) such that 8 t0 � t � 1 : C(t) =
(Cgoal

1 ; C2(t)) and C2(t0) 6= Cgoal
2 . For the least

sucht0 we de�ne J (C) = (L 1 (Cj[0;t 0 ]); L 1 (C)) .
� RobotR 2 reachesits goalsoonerthanR 1. Thusthere

is t0 2 [0; 1) such that 8 t0 � t � 1 : C(t) =
(C1(t); Cgoal

1 ) and C1(t0) 6= Cgoal
1 . For the least

sucht0 we de�ne J (C) = (L 1 (C); L 1 (Cj[0;t 0 ])) .
� Otherwise,both robots reachtheir goals simultane-

ously. We de�ne J (C) = (L 1 (C); L 1 (C)) .
Coordination cell: SinceG consistsof 0-dimensional

and 1-dimensionalcells, G � G is a cube-complex. In
fact, G � G consistsof a numberof 2-dimensionalcells
appropriatelypastedto eachother along their boundary
edgesand vertices.Eachsuch2D cell, D = er � es, in
which er ; es � G, canbe seenasthe coordinationcell of
the two robotson thepaths
 jer

and
 jes
parametrizedby

unit speed.In particular, our coordinationcell canbeseen
as[0; l r ] � [0; ls], in which lk = l(ek ) is the lengthof ek .

Within eachcoordinationcell, we usethe termobstacle
region to refer to the set of points correspondingto
positionsin which the interiors of R 1 and R 2 intersect.
The free region is setof pointsnot in the obstacleregion.
In Figure1, we seeanexampleof a coordinationcell and
its obstacleregion. Notice that our coordinationcell is
similar to the coordinationdiagramof [20], but sinceour
robots are polygonaland our pathsare piecewise-linear,
the obstacleregion in our coordinationcell is a collection
of polygonal connectedcomponents.If we con�ne our
attention to a single coordination cell (as we will in
SectionIII-B), a coordinationis essentiallya piecewise-
smoothpath from (0; 0) to (l r ; ls) inside its free region.

Equivalence and partial order: Different pathscan
have equalL 1 lengthsandconsequentlyequalJ costs.In
general,equalityof J costde�nes anequivalencerelation
� on the set of all coordinationsC. In fact, since our
optimality criterion is basedon the value of J , we can
considerthe set ~C = C=� of equivalenceclassesanduse
term coordination class to refer to one of thesemaximal
setsof equivalentcoordinations.

Now we can de�ne the partial order mentioned in
Section II in more detail. De�ne a relation � on ~C as
follows: For any two coordinationclasses[C] and [C0],
say that [C] � [C0] if and only if J1(C) � J1(C0) and



J2(C) � J2(C0). It is easyto seethat the de�nition is
independentof the choiceof representative, so � is well-
de�ned. Any minimal elementin this partial order is a
Pareto-optimalcoordinationclass.Thealgorithmproposed
herecomputesa representative from eachof thesePareto-
optimal coordinationclasses.

To describethealgorithm,we �rst describehow to com-
pute all Pareto-optimalcoordinationsin the simpler case
of a singlecoordinationcell, thenextendthe algorithmto
the whole G � G which consistsof a collection of such
coordinationcells.

B. Two fixed paths

In this sectionwe describehow to computeall Pareto-
optimal coordinationsin a single coordinationcell, i.e.
for the two robotson two �x ed paths.As it is statedin
SectionIII-A, the obstacle(or collision) region of our co-
ordinationcell consistsof a collectionof polygons.Thus,
we may use the terms vertex and edge of the obstacle
region. To presentthealgorithm,we give somestatements
aboutthe propertiesof Pareto-optimalcoordinations.

Lemma 1: For every Pareto-optimalcoordinationclass
[Cop ] in a coordination cell [0; l r ] � [0; ls] there is a
representative Ceq 2 [Cop ] suchthatCeq is composedof a
�nite sequenceof linear segmentsbetweenthe verticesof
obstacleregion, initial (0; 0) andgoal (l r ; ls) points,and
in somecasesa point on theboundaryof thecoordination
cell, (t; ls) or (l r ; t).
Proof: First,noticethatthereis anequivalentcoordination
to Cop which is piecewise-linear. By an argumentsimilar
to theonein [6], which is essentiallybasedon shortening,
we get the result.As a remark,noticethat in caseswhere
for example robot R 1 reachesits goal soonerthan R2,
the �nal segmentof eachcoordinationin [Cop ] lies over
the boundaryof coordinationcell and in particular is of
the form (l r ; t) � (l r ; ls). That is why in somecasesCeq
passesthrougha point on theboundarywhich mayneither
be an obstaclevertex nor an endpoint. �

As a consequenceof Lemma 1, it is suf�cient to
consideronly coordinationscomposedof a sequenceof
linear segmentsbetweenthe verticesof obstacleregion,
initial and goal points,and in somecasesa point on the
boundaryof coordinationcell. Wecall suchPareto-optimal
coordinationsvisibility Pareto-optimal. The next lemma
explains this namingandcharacterizesthe setof vertices
on the boundary.

Lemma 2: Suppose[Cop ] is a visibility Pareto-optimal
coordinationclasswith Cop 2 [Cop ] of theform described
in Lemma 1. Let (t1; t2) denotethe last vertex of Cop
which is not on theboundary(that is, that lastvertex such
that t1 6= l r andt2 6= ls). Thereare threecases:

(i) If J1(Cop ) < J2(Cop ), then the line segment
(t1; t2) � (l r ; t2 + l r � t1) is collision free and
furthermore,is exactly a segmentof Cop .

(ii) If J1(Cop ) > J2(Cop ), then the line segment
(t1; t2) � (t1 + ls � t2; ls) is collision free and
furthermore,is exactly a segmentof Cop .

(iii) If J1(Cop ) = J2(Cop ), then there is at most one
such[Cop ] in ~C andit is representedby the shortest

SINGLECELLPARETOOPTIMALCOORD(er ; es; R 1; R 2)
S  ;
P  OBSTACLEPOLYGONS(e1; e2; R 1; R 2)
VG  V ISIBIL ITYGRAPH(P [ f (0; 0); (l r ; lsg)
DI JKSTRA(VG; (0; 0); L 1 )
S  S [ SHORTEST(( l r ; ls)

for eachvertex v = (x1; x2) of eachpolygon in P
hhIs R 1 is nearer the goal than R 2?ii
if x1 � x2 > l r � ls

q  (l r ; x2 + l r � x1)
if FREE(P; v; q) and FREE(P; q; (l r ; ls))

S  S [ f (SHORTEST(v); q; (l r ; ls))g

hhIs R 2 is nearer the goal than R 1?ii
if x1 � x2 < l r � ls

q  (x1 + ls � x2; ls)
if FREE(P; v; q) and FREE(P; q; (l r ; ls))

S  S [ f (SHORTEST(v); q; (l r ; ls))g

S  PRUNESOLUTIONS(S)
returnS

Fig. 2. The basicalgorithmfor two �x ed paths.

pathon the visibility graphof obstacleverticesand
endpoints.

Proof: In the �rst two cases,if the line segmentis not
collision free, we can always �nd anothercoordination
which reducesbothJ1 andJ2 contradictingtheoptimality
of Cop . Furthermore,taking the line segment is the best
strategy. In otherwords,if the line segmentis not part of
Cop , we canreplaceit in and�nd a bettercoordination.In
the third case,it is obvious that [Cop ], if exists, is unique,
becausefor any coordination[C0] 6= [Cop ] with J1(C0) =
J2(C0), either[C0] < [Cop ] or [C0] > [Cop ]. In fact,Cop is
theL 2-shortestpathfrom (0; 0) to (l r ; ls) in theinterior of
coordinationcell. In otherwords,Cop is the shortestpath
accordingto theEuclideanmetric.As a remark,noticethat
an L 2-shortestpath is also L 1 -shortestbut the converse
neednot be true. �

Corollary 3: The numberof Pareto-optimalcoordina-
tions is �nite.

Note that case(i) of in Lemma2, (l r ; t2 + l r � t1) is
simply theintersectionof theline x1 = l r andtheline with
slope1 through(t1; t2). Similar remarkscanbe madefor
cases(ii) and (iii). Intuitively, we can think of shooting
a ray at slope 1 from eachobstaclevertex (t1; t2) and
stoppingwhenthat ray hits a point with eitherx1 = l r or
x2 = ls, correspondingrespectively to R 1 or R 2 reaching
its goal.Lemmas1 and2 tell us thatevery Pareto-optimal
coordinationclasshasa representative thatendswith such
a slope-1segment.

Now we are ready to presentthe algorithm in Fig-
ure 2. The function OBSTACLEPOLYGONS computesthe
obstacleregion polygons.As it is statedin SectionIII-
A, the obstacleregion is a collection of polygonswhich
can be computedby collision detectionalgorithm along



each pair of linear path segments.More precisely, we
build the Minkowski sumof R 2 on R 1 which is a bigger
polygonaroundR 1 representingthepositionof thecenter
of R 2 while R 1 andR 2 toucheachother. Theintersection
points of linear path segmentswith this polygon gives
the boundaryof obstacleregion. The visibility graph of
the verticesof obstacleregion andendpointsis computed
in V ISIBIL ITYGRAPH accordingto thewell-known radial
sweepalgorithmin [6]. The function FREE checksto see
whethera line segmentis containedin the free region of
the coordinationcell. This can be performedby simple
geometrictests.The optimal pathcandidatesdescribedin
Lemma2 arethenaddedto S. Lastly, we noticethatsome
of the addedpathsmay not be actually optimal. These
are removed in PRUNESOLUTIONS by simple pairwise
comparisons.

Theorem 4: The algorithm SINGLECELLPARETOOP-
TIMALCOORD in Figure2 correctlycomputesall Pareto-
optimal coordinationsof the two robots on two �x ed
piecewise-linearpaths.
Proof: The result directly follows from Lemma 1 and
Lemma2. �

If n denotesthe number of obstacle vertices, then
V ISIBIL ITYGRAPH takes O(n2 logn) time. Since each
of the other stepscan be done in O(n2) time, the time
complexity of SINGLECELLPARETOOPTIMALCOORD is
alsoO(n2 logn).

C. Acyclic roadmap

In thissectionweextendthecoordinationcell algorithm
in Figure 2 to the general case of two robots on an
acyclic roadmapG. The theory developedin [10] easily
shows that if G is acyclic, G� G with L 2 metric is non-
positively curved (NPC) and consequentlyit has unique
Euclideangeodesics.For someapplicationsof NPCspaces
andGromov's hyperbolicgrouptheory, see[8], [9]. These
resultsimply:

Proposition 5: Assume G � G is equippedwith L 2

metric in which G is an acyclic graph.Note that G need
not necessarilybe connected.Betweenany two points
x; y 2 G � G there is exactly one geodesicconnecting
x andy if they are in the sameconnectedcomponent.

This nice propertymakes G � G similar to the plane,
becausegeodesicsin G� G play therole of lines in plane.
In fact,geodesicsinsidea coordinationcell coincidewith
the usual Euclideanlines. Thus, we have the following
lemmassimilar to the onesin SectionIII-B. From now
on, we assumeG is acyclic. Note that since in each
coordination cell the obstacleregion is polygonal, the
obstacleregion in G� G is alsopolygonal.

Lemma 6: For every Pareto-optimalcoordinationclass
[Cop ] in G from (C init

1 ; C init
2 ) to (Cgoal

1 ; Cgoal
2 ) thereis a

representative Ceq 2 [Cop ] suchthatCeq is composedof a
�nite sequenceof geodesicsegmentsbetweenthevertices
of obstacleregion, initial and goal points, and in some
casesa point on the boundary, (x; Cgoal

2 ) or (Cgoal
1 ; x).

Proof: Very similar to the proof of Lemma1. �

PARETOOPTIMALCOORD(M ; R 1; R 2; C init ; Cgoal )
S  ; hhS is the set of candidate solutions.ii
P  ;
for eachpair of edgesei ; ej 2 G

P  P [ OBSTACLEPOLYGONS(ei ; ej ; R 1; R 2)
VG  GENV ISIBIL ITYGRAPH(P [ f C init ; Cgoal g)
DI JKSTRA(V G; C init ; L 1 )
S  S [ SHORTEST(Cgoal )

for eachvertex v = (x1; x2) of eachpolygon in P
hhIs R 1 is nearer to Cgoal than R 2?ii
if d(x1; Cgoal

1 ) < d(x2; Cgoal
2 )

q  (Cgoal
1 ; x2 + � x1)

if FREE(P; v; q) and FREE(P; q; Cgoal )
S  S [ f (SHORTEST(v); q; Cgoal ))g

hhIs R 2 is nearer to Cgoal than R 1?ii
if d(x1; Cgoal

1 ) > d(x2; Cgoal
2 )

q  (x1 + � x2; Cgoal
2 )

if FREE(P; v; q) and FREE(P; q; Cgoal )
S  S [ f (SHORTEST(v); q; Cgoal ))g

S  PRUNESOLUTIONS(S)
returnS

Fig. 3. The algorithm for �nding all Pareto-optimalcoordinationsof
two robotson an acyclic piecewise-linearroadmap.

Lemma 7: Assume[Cop ] is a Pareto-optimalcoordina-
tion class.andCop is of the form describedin Lemma6.
Onceagain, thereare threecases:

(i) If J1(Cop ) < J2(Cop ), then the geodesicsegment
A to (Cgoal

1 ; y) with equalprogressionfor R 1 and
R 2 is collision free and furthermore,is exactly a
segmentof Cop .

(ii) If J1(Cop ) > J2(Cop ), then the geodesicsegment
A to (y; Cgoal

2 ) with equalprogressionfor R 1 and
R 2 is collision free and furthermore,is exactly a
segmentof Cop .

(iii) If J1(Cop ) = J2(Cop ), then there is at most one
such[Cop ] in ~C andit is representedby the shortest
path on the generalizedvisibility graphof obstacle
verticesandendpoints.

Above, A = (x1; x2) is the last vertex of Cop which is
not on the boundary, i.e. x1 6= Cgoal

1 andx2 6= Cgoal
2 .

Proof: Very similar to the proof of Lemma2. �

In PARETOOPTIMALCOORD in Figure 3, GENV IS-
IBIL ITYGRAPH is a generalizationof visibility graph
algorithmin [6]. More precisely, we do a radial sweeping
algorithm.This canbe donebecausethe radial geodesics
are unique. To sweepabout vertex v, we just sort all
the obstacleverticesthroughoutthe cell complex in their
geodesicangle order. We extend the standardalgorithm
by maintaininga separatebalancedbinary tree for each
2-cell in G � G intersectedby the sweepray. Edgesin
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(a) (b)
Fig. 4. (a) A coordinationproblemon a roadmapwith 7 edges.(b) A
subsetof G � G for this problem.

eachtreeremainorderedaccordingto their distancefrom
v. To checkwhethera geodesicis collision free,we check
collision for all the nearestedgesgiven by our tree data
structurein thosecells that aretraversedby the geodesic.
The remainderof the algorithm is essentiallyunchanged
from SINGLECELLPARETOOPTIMALCOORD.

Theorem 8: The algorithm PARETOOPTIMALCOORD
in Figure 3 correctly computesall Pareto-optimalcoor-
dinationsof the two robotson M from C init to Cgoal .
Proof: The result directly follows from Lemma 6 and
Lemma7. �

Complexity: Let m denotethe numberof edgesin
M and let n denotetotal number of obstaclevertices.
Sinceeachgeodesicpassesthroughat most 2m cells, in
computingthe visibility graph,we performO(mn2) bal-
ancedbinary tree operations,eachtaking O(log n) time.
Thevisibility graphthereforerequiresO(mn2 logn) time
to compute.Both Dijkstra's algorithm and the pruning
of S take O(n2) time. Finally, notice that the number
of Pareto-optimalcoordinationsis less than or equal to
the total numberof obstacleverticesplus two. Thus, the
complexity of algorithmoutput is O(n). Hence,the total
complexity of our algorithmis O(mn2 logn).

IV. EXPERIMENTAL RESULTS

We have implementeda simpli�ed version of the de-
scribed algorithm using nä�ve data structuresand algo-
rithms in several places.An implementationmorefaithful
to the description in Section III-C can be expected to
perform better than the presentimplementation.The run
times below are for C++ compiled under Linux and
executedon 2.5GHzprocessor.

Figure 4 shows an example coordinationproblem on
a connectedroadmapwith 7 edges.Eachrobot is shown
in its initial stateand the goal is for the robotsto switch
placeswith oneanother. For this problemG� G contains
31 obstaclepolygonstotalling 174 obstaclevertices.The
completesetof 4 Pareto-optimalcoordinationsillustrated
in Figure5 took appoximately0.2 secondsto compute.

As a secondexample,considerthe star graphSn with
vertex set f v0; : : : ; vn � 1g and edgeset f (v0; vi ) : 1 �
i < ng. Coordinationon this family of graphsis unusual
becausebecauseevery cell of G � G has a non-empty
obstacleregion. In Figure 6, R 1 and R 2 navigate on an
embeddingof S16. Theobstacleregion has152 = 225ob-
stacleswith 933 verticesin total. The two Pareto-optimal

J

(8.9,14.8)

(9.3,14.3)

(14.4,13.7)

(15.1,8.7)

Fig. 5. The four Pareto-optimalsolutionsfor the problemin Figure4.
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Fig. 6. (a) A coordinationproblemon the stargraphS16 . (b) A subset
of G � G for this problem.

solutionsareshown in Figure7. Our implementationtook
25 secondsto solve this problem.

V. CONCLUSION AND FUTURE WORK

In this paper, we presentedan algorithm to compute
all Pareto-optimalcoordinationsof two polygonal trans-
lating robots, which have a maximum speed and are
capableof instantly switching betweenany two speeds
boundedby the maximumspeed,on an acyclic roadmap
of piecewise-linearpathsin theplane.We showedthat the
algorithmworks correctlyandshowed that its complexity
is O(mn2 logn), in which m is the numberof edgesof
roadmapandn is the total numberof obstaclevertices.

However, noticethat insteadof assumingthe robotsare
translatingpolygonson a piecewise-linear roadmap,we
may assumethat the con�guration spaceof each robot
while moving on theroadmapis G, theunderlyingacyclic
graphof the roadmap,and the obstacleregions in G� G
are polygonal. In that case,exactly the samealgorithm
canbe appliedto �nd all Pareto-optimalcoordinations.

Moregenerally, evenin caseswheretheobstacleregions
are not polygonal but we can computebitangentsand
consequentlythe generalizedvisibility graph, we may
trivially modify the algorithm presentedin this paperto
computeall Pareto-optimalcoordinationsof suchrobots.
In this regard, for example in caseof car-like mobile
robotson a network of SA paths(see[20]), we maythink
of computingbitangentsof the obstacleregion in G� G
to computethe generalizedvisibility graph.We can then
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(7.7,11.2)
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Fig. 7. The two Pareto-optimalsolutionsfor the problemin Figure6.

�nd all Pareto-optimalcoordinations.
As future work, we may think of solving the problem

for n robots on a roadmap.In that case,we have to
�nd Pareto-optimalcollision free coordinationsin the n-
dimensionalcubecomplex Gn = G� G� � � � � G. Notice
that since the collision of any two robots is considered
a failure of the whole con�guration, the obstacleregions
in eachcell of Gn are cylindrical. This propertymay be
exploited to solve the problem.
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