Design of Multi-loop control systems

Consider a single loop system as shown in Fig.1.
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Suppose controller is fixed, substantial changés,invariably lead to deteriorate the

control system response (see Figure 2).
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Now consider a2” 2 control system in Fig. 3
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Let us consider open loop 1 (Fig.4)
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Fig.4

One may notice that there are two transmissionsgatm m, tox, .let us define a
relative gain fromm, tox,.as:

_Gainm- x, loo2 opet

" Gain m- X, loo@ clos

When / =0.5, the responses ok, to a unit step input atm is shown in Fig. 5
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In this case, when loop 2 is closed, the open tmop of m - X becomes doubled.

The increase in the loop gain results in more ladwh in the closed loop response as
shown.
On the other hand, wherh =2, the open loop and closed loop responses are also



given in Fig. 6.

In this latter case, the open-loop gain decreassndop 2 is switched from open to
close. As a result, the close of loop 1 leads yiséesn to a more sluggish response to
the r,input.

The increase or decrease of the loop gain isudtref closing loop2, and , hence, is
considered loop interaction. From the above examplis a measure of such
interaction and is named as relative gain of loopoll may also find the other
relative gain for loop2. But, in this case, the metative gains will be equal.

Algebraic Properties of the RGA

1. ' 9;9; = /=L "

j j
2. PiL{G} P,=L{P:G R}, P;andR are two permutation matrices.
3. L{G}=L{S:G S}, Siand S are two diagonal matrices.
4. If transfer matrix, G, is diagonal or trianguldren:L {G}=I.

[Proof]:
x 00...0
Let G= x x 0.0
X X X..X
Then,



5.
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x 00..0
Gl=G = X x 0.0
X X X.X

Thus, g;g; =0=/,, "j*i

and, g;g; =1=/,, "j=i

So,L =l
0; ! g
= _ adj[ Al _ (-1 det[G"]
I det[G] det[G]
9ROl gy et __
dg;, _  dg _ detlG']” _ 5
dg; det[G(g; )]* det[G(g; )]” !
dG'i = dg| dgl
—=-0;dg; =-9;0 —=-/ j—
g; g 9
d/ d/ . [/ .-1dg;
- (1 / IJ) gl] nd i ij _gu
ij gl] / ij / ij gu
[Proof];

/4=0;9; d/ y=dg;g; +g,dg;

ij

d/j _dg,g; +g;dg; _dg; (dg,.)_ a- 7 3% dg;

! 9;0; 9; g; " g,
or,

d/ _ dg; +d_§ji - a- 1 d_gij _ /-1 d_gii

! g gj /5" G; ! g
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RGA-implications:

Pairing loops ot jj values that are positive and close to 1.
Reasonable Pairings: 0.9 < 4.0

Pairing on negative; values results in at least one of the following;
a. Closed loop system is unstable,
b. Loop with negative j is unstable,
c. Closed loop system becomes unstable if loop witfatiee isl j turned off.

Plants with large RGA-elements are always ill-ctioded. (i.e., a plant with a
largeg(G) may have small RGA-elements)

Plants with large RGA-elements around the crossfreguency are fundamentally

difficult to control because of sensitivity tqoumt uncertainties.

----- decouplers or other inverse-based controllers shootl be used for plants
with large RGA-elements.

Large RGA-element implies sensitivity to elementddgment uncertainty.

If the sign of RGA-element changes from s=0 t& sthen there is a RHP-zero
in G or in some subsystem of G.

The RGA-number can be used to measure diagonaindmee:

RGA-number = |} (G)-1 |}nin-
For decentralized control,, pairings with RGA-rhenat crossover frequency
close to one is preferred.

For integrity of whole plant, we should avoid inqmutput pairing on negative
RGA-element.

For stability, pairing on an RGA-number close toozat crossover frequency is
preferred.



The Relative Disturbance Gain (RDG)

Ref: Galen Stanley, Maria Marino-Galarraga, and T. J. MdAvoy, Shortcut
Operability Analysis. 1. The relative disturbanceing I&EC, Process Des. Dev.
1985,24, 1181-1188

The use of RDG:

1. To decide if interaction resulting from a distance is favorable or unfavorable.

2. To decide whether or not decoupling should lesl@nd what type of decoupling
structure is best.

Yo = kam+k,m+ K, d
Y, = KM+ ko, m+ K ¢

m — _ Kk
ﬂd Y1, kll
‘ﬂ_ml is derived when both;yand y are held still:
ﬂd Y1 Y2
Yy = kym+k,m+ k,d=0 2)
Y, =kym+k,m+ k,d=0
so that:
-1 )
m, __[' k21n1' qu
kzz
Substitute Eq.(3) into E.(2), we have:
Kk
kll_M m+ K=1' klZ—KEZ & 0
kzz kzz
Thus,
KioKe
- Keyt 4
ﬂ_l’q — k22 :k12|152_ Il(—lkzz )
fd V. Ys k11' % kllkzz' k12k21

k22



So,

(5)

m
b, = Td Yi:Y2 :_ﬁ' Kok - Kok Ky koK Kk
M kFl k11k22' k12k21 Iﬁlkzz k11k2'2 k12k2:
ﬂd Y. My
— kiszz' Iﬂ:lk22’ k.lezz = 1 kizlg 2
kF1k22 k.L1k22' k12k21 lﬁlkzz
Similarly, we have:
Tm
b1: ﬂd ¥ — 1- k21kFl /
M KoKy
ﬂd Y1, M
kF2k12 - _ﬂ: /'bl &:/ -b 1 kzz
Ke1 Ko I ey 7 Ko
Similarly, ﬁzl‘bz 2
F2 / k21
So, Ky keu_ o Iby Ky 1b o, Ky
F1 sz / k21 / k12
/by [ b, _Kiky_ 1
/ / k,, k, /
or,
(b,- 1)1 FI1(- 1)
/{ -1) /1(-1) (b,-1)/ 1
b,-1)= b.= + = =
Gy e ) TR )T

It can be shown that:



Multi-loop e, area

SISO idealy decoupled e areua
Multi-loop e, area

SISO idealy decoupled e are“a

b, and
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d (1+ G‘lchl)(l+ Gzzeéz)' Q2Q1Glz QJ
If d is a unit step, then the area undgecwrve is given as:
. szklzﬁ' kFlkzsz
gdt=lime( $= lro ! rp - KeoKip- KeiKop
0 00 kclkll KZk?Z_ Lilklzkzl kc1k11k22 1- k12k21
[Rl t R2 t RJ R tRl k11k22
t K,
=/ R K 12_ kF
kclkil o k22 '
On the other hand, when loop 2 is opened, theardar gbecomes:
’ 0 dt: - [ﬂﬁ
0 kcl kll

Thus,

(6)
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Similarly, we have:
¥

e dt .
Leo Kz -

kc2

0
¥

e dt Ire

0

Notice that the Pl parameters in the interactimpsoare used to be more conservative
than those in single loops. In another words,

f,31 f,31
The multi-loop control should be beneficial wher gum of absolute values of the

Remarks:

1. Ifl is assumed not vary with frequency, and the psooesler study is FOPDT,
| >1, f; lies in the range 1< k2, while 0.5<I<1, flies in the range 1< k3.

2. When f=1,bis equal to the ratio of response areas.

3. Ifbis small andf=is close to one, then the interacting contré&isored for that
particular disturbance.

4. Ifbis large, the interacting control is un favorataethat particular disturbance.

The Relative Gain for Non-square Multivariable Sysems
(J.C. Chang and C.C. Yu, CES \ol.45, pp. 1309-1B2%))

Consider a non-square MV system.

Yor1(9) = Gy (9 Uul 3

Define Moore-Penrose pseudo-inverse of the mafiiy as:
G'(9=(6 9 G(3

Then, under close-loop control, the steady-statgrol input will be:

u=G'(0)y and Tu =g;(0).
i oL

Thus, the non-square relative gain is defined siryilto the square RGA, that is:



-1
Ty Ty
u, Ty

oL IocL

=G(O)A G'(0) '

Properties of the non-square RGA
1. RowsumofL:

n

RS=[rq), 2 . = L. .

i=1 i=1 i=1

Where, rs(i) = G(0)G' (0) .

cs=[c@). o . kb= /. /.. . 1, .=[11 L1

j=1 j=1 i=1

Where, cs()= G'q0) ; (Note: G'G=(G'9*G G= I)
Of£rs()£1, "i= 1,2, m

"rs()=  es(h=n

i=1 j=1

Note: mrs(i): A nCS(J')=n

i i
i=1 i=1j=1 j=1i=1 j=1

Non-square RGA is invariant under input scaling, ibwariant under output
scaling:

(GS)A (69" "=( & @) (sGA (s "+ (& o)

Let rand P, are permutation matrices. Then(PGR)= AL (G R

A. Multi-loop BLT-Tuning:

BLT-1 method:

a. Calculate the Ziegler-Nichol settings for each &itcoller by using the
diagonal element of G, i.e;;g
b. Assume a detuning factor “F”, and calculate cotgradettings for loops.

Kei =Ko/ Fy Eg; :(t R,i)ZN F
c. Definew,,, =-1+ det I+ G, G,

10



d. Calculate the closed-loop functiogk):

1+W

\N(iW)
Lo = 20l0g—"2—
(iw)

e. Calculate the detuning factor F until the peakhim tc log modulus curve is
equal to 2N, that is:

=N

W..
L = 20log—

(iw)

. BLT-2

a. Find BLT-1 PI controllers.
b. Choose a second detuning facter Fp should be greater than one.
c. Computetp; as:

d. Calculate W) and Le(iw).

e. Change B until LZ* is minimized, maintainingd=1. The trivial case may
result where L¢*is minimized for F, =¥, i.e., no derivative action.

f. Reduce F in the P and | modes, uritfl*=2N.

Il.  BLT-3

The objective is to estimate the level of imbalaimcdetuning the BLT-1
controller and compensate for it.
Consider the PI controller:

uj:ui(0)+l%'j q+[it ?dt; ui(O):o

RjO

At steady state,

11



lim u;(t :%¥ g (D dt

1@¥ )
Rio

So,

¥ LU (¥
ej(t)dt:L()

0 o

Notice that:
u¥)=G*(0)R G'G(0)* )

For unit step set-point input:
u;(¥)= G*(0)[0,...,0,1,0,...,0]
=[G, (O)i.j=1..N1]0,.,010,..]C
For unit step load disturbance:

L(¥)= ith rowof G'(0)G ()= [g, (0) g, (O)

j=1
Then, ITE becomes:

ITE, = 4 (:C)tR J
N
Let,
S = 'TE; \lTEi
] o N -load
S':t;:]% Nligiv;\fo)Iﬂg,.(O)g,(O)(
N 1=

Let S, = Max$
I

F =F S’"_
j qf Sj

The PI controller parameters becpme:
Kei = Keni ! i3 IRy :(t R,i)ZN F

V. BLT-4

12



a. BLT-3is used to get individual Pl controllers assdribed above.
b. BLT-2 procedure is used with individuag Factors for each loop:

FD,j = FD Ssm

]

V. Tyreus Load-Rejection Criterion (TLC)
The best variable pairing is the one that givessthallest magnitudes for each
element of X,(i.e. ¥ of the following:

Xim :([I +GG] G L)(

VI.  Summary

iw)

BLT-1--- PI, BLT-2---PID,

equal K > equal R
BLT-3---Pl, BLT-4-----PID,
unequal K > unequal K

B. Parallel-design method---Modified Z-N methods fo

TITO Processes

This method is based on A modified Z-N method ft8G control system. To derive
this modified Z-N method, ageneral formulationdsstart with a given point of the
Nyquist curve of the process:

Gp(jVV):rpej(‘p"/p) (1)

And to find a regulator GR

13



. . 1
G =k 1 fo-—— 2
r(1W) +] wip it (2)

To move this point toB = re!#/+) 3)

An amplitude margin (i.e. gain margin) design cspending to/ ;=0 and

_1
rs —E .
A phase margin design correspondsrtc=land /.7 |,
From Egs.(1)~Equ.(3), we haveg!C”/<) =r re!#/+7 < so that

r L.

R=""and /g7 o ,
Mo

In other words,

Gr(iW) =k 1+j wty - it = rReJ(/R): rrRCOg gt Jr gSN ¢
Or,
. r .. 1 ..
k=r,co =5 co and wt,- —— = tanl/ .-
R S R rp i s/L p) D fRVV (/s/ p)

The gain is uniquely determined. Only one equatietermines/, and 7.

Let ¢, =at g, where a is often chosen ag » 0.25. Another method to specify

is as follows:
:ﬁ, where k = ﬂ
3.30% + 1 g(jng)

1 o
From WtD-@ = tan (/s-/ p), t, can be solved to obtain:

1 . P
ts = -tanf ¢/ ) \#4+ taff (/: ,) and

1
tp=—t
RT,'D

Consider a stable2” 2process :

14



Vi _ a9 g3 Wk

Yo(9) Bi(9 AP W kB

a9 _ 3 0
&9 0 o3

9 =0y G291 " %1292
1+¢,0,, G+ Oy
_ 12921
0,=00-——
2 011 0
Let

A =re 7Y =g ()

B =1,e! ") = g(jw)e(iw)

. . 1
=k 1+ t +
G(jw) | wity, it

Take PI controller as example.

G(iw) =k (1- jtang -/ 4)) ;

And, g (ju)k; =cosfy 7 4 K€ P

F L:

NY



@ 77 X (L - jtang i 7 4 )= el CF

M i 5 I . . N I . ..
r—b'ej(/a'j ) :%COSI( a7l i X Jrﬂ_ SN(of- b F K @ J/tahy & )

ai ai ai

Kei =r—bi_005fai S i)

al

i Mo ; [ i(- B . . o4/
k. xg ( jw) :r—bfcos{(ai F o )5 eCPTe) cgs(/ -y )EPT W

al

By setting i equal one and two, one will obtain teguations with k& and k, as
unknowns, and, thus, can be solved. But, thergemetedious procedures to find the
controller gains (such as:such knd k) and frequencyn, and w,,that satisfy the

phase criteria. (see the reference: I&EC Res. 19884725-4733, Q-G Wang, T-H
Lee, and Y. Zhang)

C. Independent design method

---IMC Multi-loop PID Controller

16



—> -1
;A > fl [(gll) '] » »
- G
P [ (92917 >
> »Y
Ou _
> »Y
022 _

G, = (G

) tii=1..n

The stability is guaranteed for any stable IMCfilthat satisfies either of the
following:

. (iw) <f*.(iw):# i =1,2,..0
<t |9, (iw)|
o, (w)
f@iw)<f. ( :M i =1,2,..n
| |(VV)| C,|( VV)
|gj, (iw)|

Joiti

Imc Row interaction measure [Economou and Morari]

. g w)
R(iW)=————=1—— | 0EwE¥
L fe,(w) g, (iw)
j
. gy i)
CiW)=—F——=t———  OEWEY¥
1+ fe, (iw) ‘gj,i ('VV)‘
j
For significant interaction0.5£ R ,G £1 f <

17



For small interaction:  0.0£ R,G £ 05 f>

D. Chien-Huang-Yang’s multi-loop PID---with no

proportional and derivative kicks
1. Controllers for SISO loop:
Controller:  u(s)=k - y 3+ t_ls[ ( VF , gY)s

X = kC /(tRS) Gp
- 1+ke /(¢:5)G,

a. Time constant dominant processes:

r Ls
G, = Re ; R=slope of the initial unit step respor
; Ls _
G, = Re 5 R(1- Ls)
S S
y_ 1- Ls T Ls
r

»

t2s®+1.414 s+ 1
[—R—IRL S+t D1 € ¢
Rk

k= EAMEHL) g e
R(Z+1.414 L+ L2)

b. Deadtime dominant processes:

-Ls
G, = K- € 5 k- (1- Ls)
ts+1 t s+1

18



y 1- Ls
r

I - L S+

keke

1- Ls
tis°+1.414 s+ 1
_ 1 -ti+14140 + 1
kc_k_P r2+1.414¢ +°
/ _ -+ 1414 4k
R t+L

»

Derivation of the PID controller parameters is $amto the above PI
derivations except that the deadtime approximation:

. 1-08s
e »—
1+0.8.s

19
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2. Controllers for multi-loop system

Kk
Atw® 0; Y =g, k LELTI
1 loop 2 closed ,1k2,2 RG/(‘/)
Atw®y ; Y = g,

1 loop 2 closed

a. For RGA>1, multi-loop controller tuning based oe frocess
model in the main loop should provide satisfactdosed loop
results. This is because:

b. For RGA<1,

kC,i = ( kC )based on main IoopRG/‘/ i )

(26 )sasdonia
_ »' /based on main loo}

lei=
" RGAL)

tD,iz(tD,i) RGA( )

based on main loop

The closed-loop time constant is chosen accordirie value of Lt/
in three different ranges, that istL£ 0.2, 0.2 < L < 0.5, and it >

0.5.
For details, see the original paper.

IX. Robustness of Closed-loop System.

The final pairing and the controller tuning is cked for robustness by
plotting DSO and DSI as functions of frequency, yi@oand Stein]. The
singular values below 0.3-0.2 indicate a lack ab#ity robustness.

DSQ,, =s[ 1+(GG) 1,
DSI(iW) :‘2[ I +(GCG)_1](iW)

22



E. Design Method based on Passivity

1. Hardware simplicity and relative effortlessnesacbieve failure tolerant design,
multi-loop control is the most widely used stratégyhe industrial process
control.

2. Current multi-loop control design approaches caolassified into three
categories: detuning methods (Luyben, 1986), indépet design methods
(Skogestard and Morari, 1989), and sequential dasigthods (Mayne, Chiu and
Arkun, 1992).

3. Loop interactions have to be taken into considenatias they may have
deteriorating effects on both control performance elosed-loop stability.

4. It is desirable if the multi-lop control systemdecentralized unconditionally
stable (i.e., any subset of the control loops eambependently to an arbitrary
degree or even turned off without endangering elosp stability.

5. Independent design is based on the basis of thedpansfer function while
satisfying some stability constraints due to predeteractions.

6. Perhaps the mostwidely used decentralized stabiitylitions are those
minteraction measure.

7. Passivity Concept:

The rate of change of the stored energy in the imtdss than the power supplied
to it. —>

Inlet Flowrate
Fi ¢

i -

h — Outlet Flowrate
L = — >

Potential energy stored in the tank: S(H =% Alr gh=3 A gh

Increment of potential energy per unit time(t) = 7 F (t) gh(?)
The rate of change of the storage function:

%f:—cvrghfmr gfFF- @ oW h w w " >ho0
The rate of change of the stored energy in thie igfess than the power

supplied to it. Therefore this process is saidetoictly passive.
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Passive(Willems 1972) if a non-negativetorage function§x) can be found s.t.:

0)=0and S(¥-  YE :0 J(t) @) td forallt>t030,x0, ¥ X, W U.

Strictly passiveif S(X- § R)< :0 V() @) rd

Where, y is the output of a system, u is the inpihe system.

KYP Lemma
Nonlinear control affine systems (Hill & Moylan 18)7
x=f(x)+g(QYu
y=h(x)
where xI X R Julu HJy Y R
The process is passive if

Lfs(x):w {3 £0,
Ls(3=" 0 o 3= (3
KYP Lemma

A linear system (Willems 1972)(s):=(A,B,C,D is passive if there exists a
positive definite matriP such that:

ATP+PA PB C
B'P-C - DB D

£0

The system is strictly passive if

ATP+PA PB C
B'P-C - DB D

Definition:
An LTI system S: G(sis passiveif :
(1) G(s) is analytic in Re(>0;
(2) G(jw)+G*(jw)3 0 for all thatw is not a pole of G(s);
(3) If there are poles of G(s) on the imaginarysattiey are non-repeated and the
residue matrices at the poles are Hermitian andip@semi-definite.
G(s) is strictly passivef:
(1) G(s) is analytic in Rej 3 0;
(2) G(w)+G*(jw)>0 " v ¢ ¥, ).
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Theorem 1 For a given stable non-passive process withrestea function matrix
G(s), there exists a diagonal, stable, and passwsfer function matrix
W(s)=w(s) such thaH(s)=G(s)+W(s) is passive.

[Proof]:

Lin (H( ) +H (W) =/ in Gy ) +G (i ) +W (i ) W (i)

Since both (G+G*) and (W+W*) are Hermitiamrin the Weyl inequality, we
have:

Lain(H(W ) +H (W) 3/ in GW )+ G (0 ) e @ )+ W G )
I5in G(I HG" W 9 2RE(i( )
Thus, if:
ReW (i#))* 2 /i G (¥ )+ G (i)
H(s) can be render passive. On the other hand, if
ReW (jw))> /ia G (i )+ G (i)

H(s) will be strictly passive.

Properties of Passive Systems:
A passive system is minimum phase. The phaseinéarlprocess is within
[-90°, 90°]
Passive systems are Lyapunov stable
A passive system is of relative degree < 2
Passive systems can have infinite gain (e.g., 1/s)

Passivity Theorem :

If Glis strictly passive an@2 is passive, then the closed-loop systeiRis
stable.

A strictly passive process can be stabilized by @agsive controller

25



(including multi-loop PID controllers) even if & highly nonlinear and/or
highly coupled
Control design based on passivity
Excess or shortage of passivity of a process carsée to analyse whether
this process can be easily controlled

Passivity based controllability study

A non-passive process can be made passive usidfpfeard and/or feedback
passification:

fo Gfb

=L 1=

The excess or shortage of passivity can be quedtifsing:
Input Feedforward Passivity (IFP) (Sepulchre et987) - If a system
G with anegativefeedforward ofl is passive, then G has excessive
input feedforward passivity, i.e., G is IFp(

Output Feedback Passivity (OFP) (Sepulchre et@r)19 If a system
G with apositivefeedback of | is passive, then G has excessive
output feedback passivity, i.e., G is OFIp. (

Agin, use the following figure:

If G1 is IFP() andG2 is OFPX), then the closed-loop system is stableriftrn>0.
In other words, a processs shortage of passivitypeacompensated by another
process’s excess of passivity.

Passivity Index
The excessive IFP of a system G(s) can be quahbifjea frequency dependent

26



passivity index
D
MeG(S. M=/ S & ) + G ( )]

Assume the true process 3; ()= G(9+D( $
The passivity index of the true process can beneséid as

n(Gr (1W) = - /nin %D(JW)+ D’ (jw) +% G (jw) +G” (jw)

min%D(/’/)’D*I/’/) "/min%G'ﬂ/ﬁG*w )

AG (w)nb [(w))

£-/

Properties of the Passivity Index
1. Comprises gain & phase information of the uraiaty

Maximum gain

A\

D(s)

Passivity nde

2. Alwaysno greater than the maximum singular value.

e [X(9), W] £5 [ T jW)] for any wi R
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Passivity Theorem 2: If the multivariable process is strictly passitleen the
closed-loop system is stable if the multi-loop coltr is passive.

Theorem 1: A closed-loop system comprising a stable subsystfs) and a
decentralized controller K(s)=diag()), w(s) is a stable and minmum phase, and

nW(jw) <-n(G"(jw)
Then the closed-loop system will be decentralizecbuditional stable, if

K(s)=diag{k (9} is passive, where,
k(9=KIL- W3 R(H™" and k™ =U; k

. -1
K(s)=U'K(9 I- W(9U'K 3

Notice that the above figure is equivalent to the m the following:

Rescaling of the system

Let D(s) be a diagonal, real and constant scaliatyira

The scaling matrix D(s) is to make

n(D™'G" D(jmw) <n(G" (jm)

and

28



DG ()D+D! G (0) D>0

Design procedures:

1. Find matrix U and calculat&s™ (s).

2. Check the pairing. Examine the proposed pairingguBilC condition:

+ + T
G'OM+M G'(0) >0
3. Use matrix M obtained in the step 2 to derive D= M2
4. Calculate n(D'G" (jw)D) for different frequency points. These frequency

points form a setw1 [O,WE] where ng is the frequency which is high enough
sych tantn(D'G' (jw)D) ® 0 for w> ug.

5. For each loop of the controller, solve problem:

kTItg(-g'{)

such that

1 g

—|<1
e s 1 J
1+Gj (jwk; 1+-
R
and
1.2 3 kC,InS(M R,:l 1’ ’n

R,i

1- k:,ins(”/) V’;, "

6. Obtain the final controller settingsk; =U; k;

This method is limited to open-loop stable processe
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ne (D(s),w)3 -ne (W(s),u), " ul R

Robust Stability Condition

If the uncertainty is passive, then the contrabBewnly required to render system
strictly passive to achieve robust stability evenD is very large.

If the uncertainty passivity index is bounded by

ne (D(s),w) 3- nz (W(9,w), " W R

whereW(s) is minimum phase, the closed-loop system wiltdigust stable if
system

T(I-W3TH™

is strictly passive.

The basic idea:

1. Characterise the uncertainty in terms of patysiising IFP or OFP.

2. Derive the robust stability condition for systemith uncertainties bounded by
their passivity indices.

3. Develop a systematic procedure to design thestatontroller which satisfies
the above stability condition.

Passivity Based Robust Control Design
Blended approach
Design a controller thet satisfies the small gaindition at high
frequencies and satisfies the passivity conditidowa frequencies
(Bao, Lee et al 1998)
Based on the bilinear transformation
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Multi-objective control design
Design a controller that satisfies the passivitgdition for robust

stability and achieves H control performance (Bao, Lee et al 2000,

2003)
Based on KYP lemma and Semi-Definite Programming
Example:
0.126e®* - 010 ™
G(s) = 605+18 (483+1)(4585+1)
0.094e ** - 012
38s+1 35s+1
Passivity index
004 | -
I
0.02 ‘
0.0 |sessessesssssnnnnsssnnflennannneannanngse -
-0.02 -
-0.03 ' ' '
10-4 10-2 1 10+2 10+4

F. Design by Sequential Loop Closing

Advantages of sequential design:
1. Each step in the design procedure involves degigminty one SISO controller.
2. Limited degree of failure tolerance is guarantdestability has been achieved
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after the design of each loop, the system will i@nsgable if loop fail or are taken
out of service in the reverse order of they wersgied.

3. During startup, the system will be stable if theds are brought into service in the
same order as they have been designed.

4.

Problems with sequential design:

1. The final controller design, and thus the contugdlgy achieved, may depend on
the order in which the controllers in the indivitliops are designed.

2. Only one output is usually considered at a time, the closing of subsequent
loops may alter the response of previously desidoels, and thus make iteration
necessary.

3. The transfer function between inpytand output ymay contain RHP zeros that
do not corresponding to the RHP zeros of G(s).

Notations:
1. G(s):the n” n matrix of the plant,G(s) ={ g;( % J j=1, .1
2. C(9=diad g 5 F1L, , b

3. S=(1+GO*; H=1- S= GC(k GO
4. G=diag{g(¥% =1, .1

5. S=diadp F1, , h= dl% A, ,

6. H=diagh(3 i=1 , 1= dlagl_?'é q- i=1,

7' G :GG_l ={g|a i! J :1! 1n}
8. CLDG=GG'G

9. E=(G- §G*

Gy
10.G= ;. C= :

11.§=(1+GG) i H=GC( 1+ GG) "

. H, 0 .
12. H, = kh;SK:Sg

i i=k+1,K+2, N
0

0
S
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S=(1+GO ' =[1+GCH+ G- G G *
-1 -1
={ I+G-G)c(1+6C)  (1+ ch

={ | +G-G)GieC(1+6C)  (I+ GC)}_l

-1

=(1+Gc) " (1+EH) "= {1+ EH) |
Design procedures:
In each of the following stepS= S( I+ E H)'" E=( G Acé) ( Q)l
Determine ¢ such that”\lvp SV\éH is minimized.

Step Q Initialization. Determine the order of loop dlug by estimating the
required bandwidth in each loop. Also estimateitisividual loop designs

in terms of H .
Step 1.Design of controller cby considering output 1 only. In this case, weehav

ék =G,and I—]k =H
Step k. Design of controller ck by consider outputs 1 tdlkre,

ék =diag G, g}; i=k#, k+2, , r and

He=daig{ H . h};  i=k k1, ,n
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Sequential Design Using Relay feedback Tests of $hend Yu

The relay feedback system for SISO auto-tuning isteown in the follwing figure:

When constant cycles appear after the system leasdwivated, the ultimate gain
and ultimate frequency of the open-loop systembmaapproximated by measuring
the magnitude and period (see the following figued by the following equations:

Ku = Wu:2
pa R

The Z-N tuning method can be used to determinedmé¢roller parameters:

Pl Controller: K.,= 048, ,tx=P, /1.2,

PID Controller: K, = 0.68, , tx=P, /1.2,t ;= BB,
Or, use the Tyreus-Luyben’s formula to give masaservative response:

Pl Controller: K.=K, /3.2,tx= 2R, ,

PID Controller: K, =K, /2.2, tg= 2R, ,t =P, /€

To avoid the difficult mathematics envolvedtie formulation of sequential

design, Shen and Yu suggested to use the relapdekdest as shown in the
following figure:
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The controller for a2” 2system is suggested:

Pl Controller: K. =K.,y /3, tg= P,

Analysis:
The sequential design is derived by consideringrib#i-loop control system as
coupled SISO loops. For 2 2system as example, the equivalent SISO loops are:

0(9= g (90-( —2) h( ¥

/(s
0:(9= (9 {1- (& Tls,)) '
_ 9% .. _
Where,h(S)—m, |—:L2

Notice that, if there is damping i, or g,, this damping should come from either

h, or h,. According to tis study, a closed system havingc@®DT process and a
modified ZN tuned PI controller will result in aosled-loop system (i.ehyand h,)
having damping factor greater than 0.6. It is thastulate that the open-loop transfer
functions g,(s) and g, (s)can be approximated by:

k Tpestl

G(9 = :

2.2 )éqs
1°s°+22z s+l t,s+1

Then, the stability region of the equivalent SI®0gs are explored with the

parametersit ,f ,=0~10,k, =1 =% = 0.1~4 ¢ /= 0.02~C The results

pl’
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are given in the following figure. It can be sebkattthe modified ZN tuning formula
proposed greatly improve the stability.

On the other hand, the convergence of the sequeesan for the multi-loop
controller is formulated as the problem of findihg roots of simultaneous algebraic
equation using sequential iterations.

The simultaneous equations are obtained from thdittons of phase crossover for
the two loops, that is:

Im i1 |
Fl(jmvl,jl/l/uvz):tan-l gl(]wu,lj u,Z) __p

Re g (W1,iW.2)

M g, (Juuar W 2)
Re g, (i, 1,i1 2)

Fz(jm,lvj%,z):tan_l

The convergence of the iteration is guaranteed suyffecient condition of the
following:

L5 fIF,
o, T,

u,l u,2 <1
L5 iF,

g, T2

u,2

Wit
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The procedures of this proposed sequential desigsummarized with the flow
chart as shown.
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Design of Multi-loop control systems

Consider a single loop system as shown in Fig.1.

Fig.1
Suppose controller is fixed, substantial changés,invariably lead to deteriorate the

control system response (see Figure 2).

Fig.2

Now consider a2” 2 control system in Fig. 3

Fig.3

Let us consider open loop 1 (Fig.4)



Fig.4

One may notice that there are two transmissionsgfatiim m,_ tox,.let us define a
relative gain fromm, tox,.as:

_Gainm- x, loo2 opet

" Gain m- X, loo@ clos

When / =0.5, the responses ok, to a unit step input atm is shown in Fig. 5

/

Fig.5

In this case, when loop 2 is closed, the open tmop of m - X becomes doubled.
The increase in the loop gain results in more ladwh in the closed loop response as

shown.
On the other hand, wherh =2, the open loop and closed loop responses are also



given in Fig. 6.

In this latter case, the open-loop gain decreasvdop 2 is switched from open to
close. As a result, the close of loop 1 leads yiséesn to a more sluggish response to
the r input.

The increase or decrease of the loop gain isudtref closing loop2, and , hence, is
considered loop interaction. From the above examplis a measure of such
interaction and is named as relative gain of looyoli may also find the other
relative gain for loop2. But, in this case, the tetative gains will be equal.

Algebraic Properties of the RGA

1. ' 9,9, = /=L "

j j
2. PiL{G}P,=L{P:G R}, P;andR are two permutation matrices.
3. L{G}=L{S:G S}, Siand S are two diagonal matrices.
4. If transfer matrix, G, is diagonal or trianguldren:L {G}=I.

[Proof]:
x 00...0
Let G= x x 0.0
X X X..X
Then,



5.

5.

x 00..0
Gl=G = X x 0.0
X X X.X

Thus, g;g; =0=/,, "j*i

and, g;g; =1=/,, "j=i

So,L =l
g; ' 9;
= _ adj Al _ (- D" det[G"]
I det[G] det[G]
B ddet[G]( )" detfGi] “
dg, _  dg _ detlG']” _ 5
dg, det[G(g;)I® det[G(g;)I® !
dG'i — dg| dgl
—+=-0;dg; =-9;9, —=-/ j—
g; g 0
d/s d . [/ .-1dg;
- (1 / ”) gl] nd i ij _gu
ij gl] / ij / ij glj
[Proof];

/4=0;9; d/ y=dg;g; +g,dg;

ij

d/j _dg,g; +g,;dg; _dg; (dg,.)_ a- 7 3% dg;

! 0;0; 9; g; " g,
or,

d/ _ dg; +d_§ji - a- 1 d_gij _ /-1 d_gii

! g gj /5" G; ! o



10.

RGA-implications:

Pairing loops ot jj values that are positive and close to 1.
Reasonable Pairings: 0.9 < 4.0

Pairing on negative; values results in at least one of the following;
a. Closed loop system is unstable,
b. Loop with negative j is unstable,
c. Closed loop system becomes unstable if loop witfatiee isl j turned off.

Plants with large RGA-elements are always ill-ctioded. (i.e., a plant with a
largeg(G) may have small RGA-elements)

Plants with large RGA-elements around the crossfreguency are fundamentally

difficult to control because of sensitivity tqoumt uncertainties.

----- decouplers or other inverse-based controllers shootl be used for plants
with large RGA-elements.

Large RGA-element implies sensitivity to elementddgment uncertainty.

If the sign of RGA-element changes from s=0 t& sthen there is a RHP-zero
in G or in some subsystem of G.

The RGA-number can be used to measure diagonaindmee:

RGA-number = |} (G)-1 |nin-
For decentralized control,, pairings with RGA-rhenat crossover frequency
close to one is preferred.

For integrity of whole plant, we should avoid inqmutput pairing on negative
RGA-element.

For stability, pairing on an RGA-number close toozat crossover frequency is
preferred.



The Relative Disturbance Gain (RDG)

Ref: Galen Stanley, Maria Marino-Galarraga, and T. J. MdAvoy, Shortcut
Operability Analysis. 1. The relative disturbanceing I&EC, Process Des. Dev.
1985,24, 1181-1188

The use of RDG:

1. To decide if interaction resulting from a distance is favorable or unfavorable.

2. To decide whether or not decoupling should lesl@nd what type of decoupling
structure is best.

Yo = kam+k,m+ K, d
Y, = KM+ ko m+ K ¢

im  _ Ky
ﬂd Y1,y kll
‘ﬂ_ml is derived when both;yand y are held still:
ﬂd Y1 Y2
Yy = kym+k,m+ k,d=0 )
Y, =kym+k,m+ k,d=0
so that:
-1 G
m, __[' k21n1' qu
kzz
Substitute Eq.(3) into E.(2), we have:
Kk
kll_M m+ K=1' klZ—KEZ & 0
kzz kzz
Thus,
KioKe
- Keyt 4
ﬂ_ml — k22 :kizlfsz' Il(—lkzz )
fd V. Ys k11' % k11k22' k12k21

k22



So,

(5)

m
b, = Td Y1:Y2 :_ﬁ' Kok o= Kok Kukyy Kok 3 KK
M kFl k11k22' k12k21 Iﬁlkzz k11k2'2 k12k2:
ﬂd Y. My
— kiszz' Iﬂ:lk22’ kukzz = 1 kizlg 2
kF1k22 k.lezz' k12k21 lﬁlkzz
Similarly, we have:
Tm
b1: ﬂd ¥ — 1- k21kFl /
ﬂﬂ KoKy
ﬂd Y1, My
kF2k12 — _ﬂ: /'bl h:/ -b 1 kzz
Ke1 Ko I ey 7 Ka
Similarly, ﬁ:/-bz A
F2 / Koy
So, Ky keu_ o Iby Ky 1b o, Ky
F1 sz / k21 / klZ
/by [ b, _Kiky_ 1
/ / k,, k, /
or,
(b,- 1)1 FI1(- 1)
/{ -1) /1(-1) (b,-1)/ 1
b,-1)= b.= + = =
Gy e ) TR )T

It can be shown that:



Multi-loop e area

SISO idealy decoupled e areua
Multi-loop e, area

SISO idealy decoupled e areua

b, and

2

& — F,GLG,- R+ GG )
d (1+ G‘lchl)(l+ Gzzeéz)' Q2Q1Glz QJ
If d is a unit step, then the area undecwrve is given as:
. szklzﬁ' kFlkzsz
gdt=lime( $= lro ! rp - KeoKip- KeiKop
0 00 kclkll KZk?Z_ Lilklzkzl kc1k11k22 1- k12k21
[Rl t R2 t RJ R tRl k11k22
t K,
=/ R K 12_ kF
kclkil o k22 '
On the other hand, when loop 2 is opened, theardar gbecomes:
’ 0 dt: - [ﬂﬁ
0 kcl kll

Thus,

(6)



¥

G K kaks o, faK
o = fmfar X g o lma o gy

L ke Keiky e Ky

o -
e dt
0

Similarly, we have:
¥

e dt .
Leo Kz -

kc2

0
¥

e dt Ire

0

Notice that the Pl parameters in the interactirpoare used to be more conservative
than those in single loops. In another words,

f,31 f,31
The multi-loop control should be beneficial whea gum of absolute values of the

Remarks:

1. Ifl is assumed not vary with frequency, and the psoaesler study is FOPDT,
| >1, f; lies in the range 1< k2, while 0.5<I<1, flies in the range 1< k3.

2. When f=1,bis equal to the ratio of response areas.

3. Ifbis small andf=is close to one, then the interacting contré&isored for that
particular disturbance.

4. Ifbis large, the interacting control is un favorataethat particular disturbance.

The Relative Gain for Non-square Multivariable Sysems
(J.C. Chang and C.C. Yu, CES \Vol.45, pp. 1309-1B2%))

Consider a non-square MV system.

Yor1(9) = Gy (9 Uiu( 3

Define Moore-Penrose pseudo-inverse of the mafiy as:
G'(9=(6 9 G(3

Then, under close-loop control, the steady-statgrol input will be:

u=G'(0)y and Tu =g;(0).
i oL

Thus, the non-square relative gain is defined siryilto the square RGA, that is:



-1
fy; i

Yj oL ﬂuj cL

=G(O)A G'(0) '

Properties of the non-square RGA
1. RowsumofL:

n

RS=[rq), 2 . = L. . L

i=1 i=1 i=1

Where, rs(i) = G(0)G' (0) .

cs=[e@). o, . b= /. /.. . 1, .=[11 L1

j=1 j=1 i=1

Where, cs()= G'G0) _; (Note: G'G=(G'G* G G= I)
0Ers()EL "i= 12, m

"rs()=  es(h=n

i=1 j=1

Note: ' rs()=  /;= /,= cs(])=n

i i
i=1 i=1j=1 j=1i=1 j=1

Non-square RGA is invariant under input scaling, ibwariant under output
scaling:

(GS)A (69" "=( & @) (sGA (s "+ (& o)

Let rand P, are permutation matrices. Then(PGR)= AL (G R

A. Multi-loop BLT-Tuning:

BLT-1 method:

a. Calculate the Ziegler-Nichol settings for each &itcoller by using the
diagonal element of G, i.e;;g
b. Assume a detuning factor “F”, and calculate cotgradettings for loops.

Kei = Ko,/ Fy g :(t R,i)ZN F
c. Definew,, =-1+ det I+ G, G,

10



d. Calculate the closed-loop functiogk):

1+W

\N(iW)
Lo = 20log—"4—
(iw)

e. Calculate the detuning factor F until the peakhm tc log modulus curve is
equal to 2N, that is:

=N

W..
L = 20log—

(iw)

. BLT-2

a. Find BLT-1 PI controllers.
b. Choose a second detuning facter Fp should be greater than one.
c. Computetp; as:

d. Calculate W) and Le(iw).

e. Change B until LZ* is minimized, maintainingd=1. The trivial case may
result where L¢*is minimized for F, =¥, i.e., no derivative action.

f. Reduce F in the P and | modes, urltl* = 2N.

Il.  BLT-3

The objective is to estimate the level of imbalaimcdetuning the BLT-1
controller and compensate for it.
Consider the PI controller:

uj:ui(0)+l%'j q+[it ?dt; ui(O):o

RjO

At steady state,

11



lim u,(t :%¥ g () dt

t@¥ )
Rio

So,

¥ L U (¥
ej(t)dt:L()

0 ,J'

Notice that:
u¥)=G*(0O)R G'G(0) & )

For unit step set-point input:
u;(¥)= G*(0)[0,...,0,1,0,...,0]
=[G, (O)i.j=1..N1]0,.,010,..]C
For unit step load disturbance:

L(¥)= ith rowof G'(0)G ()=  [g, (0) g, (O)

j=1
Then, ITE becomes:

ITE, = 4 (:C)tR J
N
Let,
S = 'TE; \lTEi
] o N -load
S':t;:]% Nligiv;\fo)Iﬂg,.(O)g,(O)(
N 1=

Let S, = Max$
I

F =F S’"_
j qf Sj

The PI controller parameters becpme:
Kei = Koni/ i3 Ig; :(t R,i)ZN F

V. BLT-4

12



a. BLT-3is used to get individual PI controllers asdribed above.
b. BLT-2 procedure is used with individuag Factors for each loop:

FD,j = FD Ssm

]

V. Tyreus Load-Rejection Criterion (TLC)
The best variable pairing is the one that givessthallest magnitudes for each
element of X,(i.e. ¥ of the following:

Xim :([I +GG] G L)(

VI.  Summary

iw)

BLT-1--- PI, BLT-2---PID,

equal K > equal R
BLT-3---Pl, BLT-4-----PID,
unequal K > unequal K

B. Parallel-design method---Modified Z-N methods fo

TITO Processes

This method is based on A modified Z-N method ft8G control system. To derive
this modified Z-N method, ageneral formulationdsstart with a given point of the
Nyquist curve of the process:

Gp(jVV):rpej(‘p"/p) (1)

And to find a regulator GR

13



. . 1
G =k 1 fo-—— 2
r(IW) +] wip it (2)

To move this point toB = re!#*/+) 3)

An amplitude margin (i.e. gain margin) design cspending to/ ;=0 and

_1
rs —E .
A phase margin design correspondsrtc=land /.5 |,
From Egs.(1)~Equ.(3), we haveg!”/< =r re!#/+7 < so that

r L.

== and /T o
p

In other words,

Gr(jW) =k 1+ wty 'W = reell® = rpcog gt jr gsin
Or,

_ A 1.
k=rgcoy g —i co;( o p) and witp - @ = tan(/ </ p)

The gain is uniquely determined. Only one equatietermines/, and 7.

Let ¢, =at g, where a is often chosen as » 0.25. Another method to specify

is as follows:
:ﬂ, where k = ﬂ
3.30% + 1 g(jng)

1 1 .
From WtD-@ = tan (/s-/ p), t, can be solved to obtain:

1 . P
to = -tanf o/ ) \#4+ taf (/; ,) and

1
to=—t
RT D

Consider a stable2” 2process :

14



Vi _ a9 g3 Wk

Yo(9) Bi(9 A3 Wk

a9 _ 3 0
o9 0 o3

9 =0y %291 " 912921
1+¢,0,, G+ O
_ 012921
0,=00-——
2 011 0
Let

A =77 = g(jw)

B =1,e! /%) =g (jw)e(iw)

. . 1
=k 1+ t +
G(jw) | wity, it

Take PI controller as example.

G(iw) =k (1- jtang -/ 4)) ;

And, g (ju)k; =cosfy 7 4 K€ P

F L:

NY



@ 077 e (L - jtang 7 5 ))F el

r_blel(/ad bi) :%cosf a7l bi ) j% SI(af- ¥ ki @ J/tanly &)

ai ai ai

Kei =r—bi'005fai S i)

al

k. xg ( jw) :r—bfcos{(ai F o )5 eCPe) g egs( -y )EPT W

al

By setting i equal one and two, one will obtain teguations with k& and k, as
unknowns, and, thus, can be solved. But, thergemetedious procedures to find the
controller gains (such as:such knd k) and frequencyn, and w,,that satisfy the

phase criteria. (see the reference: I&EC Res. 19884725-4733, Q-G Wang, T-H
Lee, and Y. Zhang)

C. Independent design method

---IMC Multi-loop PID Controller

16



—> -1
;A > fl [(gll) '] » »
- G
2R [ (92217 >
> »Y
Ou _
> »Y
022 _

G, = (G

) fii=1..n

The stability is guaranteed for any stable IMCfilthat satisfies either of the
following:

f(iw) <f*.(iw):# i =1,2,..0
<t |9, (iw)|
g, (w)
faimw)|<f. ( :M i =1,2,..n
| |(M/)| C,|( VV)
|gj, (iw)|

Joiti

Imc Row interaction measure [Economou and Morari]

. g (w)
R(iw) =————=L—— | 0EwE¥
L fe,(w) g, (iw)
j
. gy i)
CiW)=—r——=t———  OEWEY¥
1+ fe, (iw) ‘gj,i ('VV)‘
j
For significant interaction0.5£ R ,G £1 f <

17



For small interaction:  0.0£ R,G £ 05 f>

D. Chien-Huang-Yang’s multi-loop PID---with no

proportional and derivative kicks
1. Controllers for SISO loop:
Controller:  u(s)=k - y 3+ t_ls[ ( VF , gyY)s

X = kC /(tRS) Gp
r 1+ke /(¢:5)G,

a. Time constant dominant processes:

r Ls
G, = Re ; R=slope of the initial unit step respor
; Ls _
G, = Re 5 R(1- Ls)
S S
y_ 1- Ls T Ls
r

»

t2s?+1.414 s+ 1
[—R—IRL S+t D1 € ¢
Rk

k=BT HL) g1 e
R(EZ+1.414 L+ L2)

b. Deadtime dominant processes:

_k.e® Lk (- Ls)
s+l t s+l

P

18



y 1- Ls
r

I - L S+

keke

1- Ls
tis°+1.414 s+ 1
_ 1 -ti+14140 + 1
kc_k_P r2+1.414¢ +° '
/ _-i+1414g 4k
R t+L

»

Derivation of the PID controller parameters is $amto the above PI
derivations except that the deadtime approximation:

. 1-08s
e »—
1+0.8.s

19
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2. Controllers for multi-loop system

k
At W® O, l = g.l.l 1_ k1,2 2,1 - g1,1
" kik,,  RGA/)

ul loop 2 closed

Atwey ; Y = g,
1 loop 2 closed
a. For RGA>1, multi-loop controller tuning based oe irocess
model in the main loop should provide satisfactdosed loop
results. This is because:
b. ForRGA<1,

kC,i = ( kC )based on main IoopRG/‘/ i )

(26 )sasdonia
_ »' /based on main loo}

lgi=
" RGAL)

tD,i:(tD,i) RGA( ;)

based on main loop

The closed-loop time constant is chosen accordirie value of Lt/
in three different ranges, that istL£ 0.2, 0.2 < L < 0.5, and it >

0.5.
For details, see the original paper.

IX. Robustness of Closed-loop System.

The final pairing and the controller tuning is cked for robustness by
plotting DSO and DSI as functions of frequency, yi@oand Stein]. The
singular values below 0.3-0.2 indicate a lack ab#ity robustness.

DSQ,, =s[ 1+(GG) 1,
DSI(iW) :‘2[ I +(GCG)_1](iW)

22



E. Design Method based on Passivity

1. Hardware simplicity and relative effortlessnesacbieve failure tolerant design,
multi-loop control is the most widely used stratégyhe industrial process
control.

2. Current multi-loop control design approaches caolassified into three
categories: detuning methods (Luyben, 1986), indépet design methods
(Skogestard and Morari, 1989), and sequential dasigthods (Mayne, Chiu and
Arkun, 1992).

3. Loop interactions have to be taken into considenatias they may have
deteriorating effects on both control performance elosed-loop stability.

4. It is desirable if the multi-lop control systemdecentralized unconditionally
stable (i.e., any subset of the control loops eambependently to an arbitrary
degree or even turned off without endangering elosp stability.

5. Independent design is based on the basis of tihedomansfer function while
satisfying some stability constraints due to predeteractions.

6. Perhaps the mostwidely used decentralized stabiitylitions are those
minteraction measure.

7. Passivity Concept:

The rate of change of the stored energy in the imtdss than the power supplied
to it. —>

Inlet Flowrate
Fi ¢

i -

h — Outlet Flowrate
L = — >

Potential energy stored in the tank: S(H =4 Alr g3 A gh

Increment of potential energy per unit time(t) = 7 F (t) gh(?)
The rate of change of the storage function:

‘i—tsz-cvrgnfmr gFhE- @ oW h w w " >h0
The rate of change of the stored energy in thie igfess than the power

supplied to it. Therefore this process is saidetoictly passive.
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Passive(Willems 1972) if a non-negativetorage function§x) can be found s.t.:

0)=0and S(¥- g YE :0 J(t) @) td forallt>t030,x0, ¥ X, W U.

Strictly passiveif S(¥- § R)< :0 V() @) rd

Where, y is the output of a system, u is the inpihe system.

KYP Lemma
Nonlinear control affine systems (Hill & Moylan 18)7
x=f(x)+g(QYu
y=h(x)
where xI X R Julu HJy Y R
The process is passive if

LfS(x)zw {3 £0,
Ls(3=" 0 o 3= Ay
KYP Lemma

A linear system (Willems 1972)(s):=(A,B,C,D is passive if there exists a
positive definite matriP such that:

ATP+PA PB C
B'P-C - D D

£0

The system is strictly passive if

ATP+PA PB C .
B'P-C - D D

0

Definition:
An LTI system S: G(sis passiveif :
(1) G(s) is analytic in Re(>0;
(2) G(jw)+G*(jw)3 0 for all thatjw is not a pole of G(s);
(3) If there are poles of G(s) on the imaginansattiey are non-repeated and the
residue matrices at the poles are Hermitian andip®semi-definite.
G(s) is strictly passivef:
(1) G(s) is analytic in Rej 3 0;
(2) G(w)+G*(jw)>0 " v ¢ ¥, ).
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Theorem 1 For a given stable non-passive process withrestea function matrix
G(s), there exists a diagonal, stable, and passansfer function matrix
W(s)=w(s) such thaH(s)=G(s)+W(s) is passive.

[Proof]:

Lin (H( ) +H (W) =/ in Gy ) +G (i ) +W () W (i)

Since both (G+G*) and (W+W¥*) are Hermitiamrin the Weyl inequality, we
have:

Lain(H(W)+H (W) 3/ oG )+ G (i ) N @ )+W @ )
I G G i 9) 2mRe(i( )
Thus, if:
ReW (i#))* 2 /i G (¥ )+ G (i)
H(s) can be render passive. On the other hand, if
ReW (jw))> /o G (i )+ G (i)

H(s) will be strictly passive.

Properties of Passive Systems:
A passive system is minimum phase. The phasein&arlprocess is within
[-90°, 90°]
Passive systems are Lyapunov stable
A passive system is of relative degree < 2
Passive systems can have infinite gain (e.g., 1/s)

Passivity Theorem :

If Glis strictly passive an@2 is passive, then the closed-loop systeirRis
stable.

A strictly passive process can be stabilized by @agsive controller
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(including multi-loop PID controllers) even if & highly nonlinear and/or
highly coupled
Control design based on passivity
Excess or shortage of passivity of a process carsée to analyse whether
this process can be easily controlled

Passivity based controllability study

A non-passive process can be made passive usidipfeard and/or feedback
passification:

fo Gfb

=L 1=

The excess or shortage of passivity can be quedtifsing:
Input Feedforward Passivity (IFP) (Sepulchre et97) - If a system
G with anegativefeedforward ofl is passive, then G has excessive
input feedforward passivity, i.e., G is IFip(

Output Feedback Passivity (OFP) (Sepulchre et@r19 If a system
G with apositivefeedback of | is passive, then G has excessive
output feedback passivity, i.e., G is OFIp. (

Agin, use the following figure:

If G1 is IFP() andG2 is OFPX), then the closed-loop system is stableriftn>0.
In other words, a processs shortage of passivitypeacompensated by another
process’s excess of passivity.

Passivity Index
The excessive IFP of a system G(s) can be quahbfjea frequency dependent
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passivity index
D
MeG(S. M=/ S G ) + G ( W)

Assume the true process 3; ()= G(9+D( $
The passivity index of the true process can beneséid as

n(Gr (1W) = - /nin %D(JW)+ D' (jw) +% G (jw) +G” (jw)

min%D(/’/)’D*I/’/) "/min%GWﬁG*w )

AG (w)nb [(w))

£-/

Properties of the Passivity Index
1. Comprises gain & phase information of the uraaty

Maximum gain

A\

D(s)

Passivity nde

2. Alwaysno greater than the maximum singular value.

e [X(9), W| £5,,[ @ jW)] for any wi R
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Passivity Theorem 2: If the multivariable process is strictly passitleen the
closed-loop system is stable if the multi-loop coltér is passive.

Theorem 1: A closed-loop system comprising a stable subsys@&f®s) and a
decentralized controller K(s)=diag()), w(s) is a stable and minmum phase, and

nW(jw) <-n(G"(jw)
Then the closed-loop system will be decentralizecbuditional stable, if

K(s)=diag{k (9} is passive, where,
k(9=KIL- W3 R(H¥™" and k™ =U; k

. -1
K(s)=U'K(9 I- W(9U'K 3

Notice that the above figure is equivalent to the m the following:

Rescaling of the system

Let D(s) be a diagonal, real and constant scaliatyir

The scaling matrix D(s) is to make

n(D™'G" D(jmw) <n(G" (jm)

and
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DG (O)D+D ! G (0) D>0

Design procedures:

1. Find matrix U and calculat&s™ (s).
2. Check the pairing. Examine the proposed pairingguBilC condition:

+ + T
G'OM+M G'(0) >0
3. Use matrix M obtained in the step 2 to derive D= M*'?
4. Calculate n(D'G" (jw)D) for different frequency points. These frequency

points form a setW1 [O,WE] where ny is the frequency which is high enough
sych tantn(D'G' (jw)D)® 0 for w> ug.

5. For each loop of the controller, solve problem:

kTItg(-g'{)

such that

1 g

—|<1
e s 1 J
1+Gi (jwk; 1+~
R
and
1.2 3 kC,InS(M R,:l 1’ ’n

R,i

1- k;ins('/'/) V’;, "

6. Obtain the final controller settingsk; =U; k;

This method is limited to open-loop stable processe
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ne (D(s),w)3 -ne (W(s),u), " ul R

Robust Stability Condition

If the uncertainty is passive, then the contrdBesnly required to render system
strictly passive to achieve robust stability evienD is very large.

If the uncertainty passivity index is bounded by

ne (D(s),w) - = (W(9,1), " W R

whereW(s) is minimum phase, the closed-loop system wiltdigust stable if
system

T(I-W3TH

is strictly passive.

The basic idea:

1. Characterise the uncertainty in terms of patysusing IFP or OFP.

2. Derive the robust stability condition for systemith uncertainties bounded by
their passivity indices.

3. Develop a systematic procedure to design thestatontroller which satisfies
the above stability condition.

Passivity Based Robust Control Design
Blended approach
Design a controller thet satisfies the small gaindition at high
frequencies and satisfies the passivity conditidowa frequencies
(Bao, Lee et al 1998)
Based on the bilinear transformation
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Multi-objective control design
Design a controller that satisfies the passivitgdition for robust

stability and achieves H control performance (Bao, Lee et al 2000,

2003)
Based on KYP lemma and Semi-Definite Programming
Example:
0.126e ® - 0.10% '
= 60s+1  (48s+1)(45s+])
G(s) = . .
0.094¢e ** - 012
38s+1 35s+1
Passivity index
004 | -
I
0.02 ‘
0.0 |sessessesssssnnnnsssnnflennannneannanngse -
-0.02 -
-0.03 ' ' '
10-4 10-2 1 10+2 10+4

F. Design by Sequential Loop Closing

Advantages of sequential design:
1. Each step in the design procedure involves degigointy one SISO controller.
2. Limited degree of failure tolerance is guarantdestability has been achieved
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after the design of each loop, the system will i@nsgable if loop fail or are taken
out of service in the reverse order of they werggied.

3. During startup, the system will be stable if theds are brought into service in the
same order as they have been designed.

4.

Problems with sequential design:

1. The final controller design, and thus the contudlgy achieved, may depend on
the order in which the controllers in the indivitliops are designed.

2. Only one output is usually considered at a time, the closing of subsequent
loops may alter the response of previously desidoegls, and thus make iteration
necessary.

3. The transfer function between inpytand output ymay contain RHP zeros that
do not corresponding to the RHP zeros of G(s).

Notations:
1. G(s):the n” n matrix of the plant,G(s) ={ g;( % 1 j=1, .1
2. C(9=diad g 5 F1L , b

3. S=(1+GO*; H=1- S= GC(k GO
4. G=diag{g(¥% =1, .1

5. S=diad ) F1, , h= d'% A, ,

6. H=diagh(3; i=1 1= onaglf";]J ; i=1, i

7' G :GG_l ={g|a i! J :1! 1n}
8. CLDG=GG'G

9. E=(G- §G*

Gy
10.G= ;. C= :

11.§=(1+GG) i H=GC( 1+ GG) "

. H, 0 .
12. H, = kh;SK:i‘

i i=k+1,K+2, N
0

0
S
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S=(1+GQ ' =[1+GC+ G- G G *
-1 -1
={ I +G-G)c(1+6C)  (1+ ch

={ | +G-G)eieC(1+6C)  (I+ GC)}_l

-1

=(1+Gc) " (1+EH) "= {1+ EH) |
Design procedures:
In each of the following stepS= S( I+ E H)': E=( G Acé) ( Q)l
Determine ¢ such that”\lvp SV\(,H is minimized.

Step Q Initialization. Determine the order of loop dlug by estimating the
required bandwidth in each loop. Also estimateitisievidual loop designs

in terms of H .
Step 1.Design of controller cby considering output 1 only. In this case, weehav

ék =G,and I—]k =H
Step k. Design of controller ck by consider outputs 1 tdlkre,

ék =diag G, g}; = k#, k+2, , r and

He=daig{ H . h}; i=k k+#, ,n

33



Sequential Design Using Relay feedback Tests of $hend Yu

The relay feedback system for SISO auto-tuning isteown in the follwing figure:

When constant cycles appear after the system leasdwmivated, the ultimate gain
and ultimate frequency of the open-loop systembmaapproximated by measuring
the magnitude and period (see the following figued by the following equations:

Ku = Wu:2
pa R

The Z-N tuning method can be used to determinednroller parameters:

Pl Controller: K.= 048, ,tx=P, /1.2,

PID Controller: K, = 0.68, , tx=P, /1.2,t ;= BB,
Or, use the Tyreus-Luyben’s formula to give maraservative response:

Pl Controller: K.=K, /3.2,tx= 2R, ,

PID Controller: K, =K, /2.2, tr= 2R, ,t =P, /€

To avoid the difficult mathematics envolvedtye formulation of sequential

design, Shen and Yu suggested to use the relapdekdest as shown in the
following figure:
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The controller for a2” 2system is suggested:

Pl Controller: K. =K., /3, tg= P,

Analysis:
The sequential design is derived by consideringrib#i-loop control system as
coupled SISO loops. For 2" 2system as example, the equivalent SISO loops are:

0(9= g (90-( —2) h( ¥

/(9)
0,(9= (9 {1- (- Tls,)) '
_ 9% .. _
Where,h(S)—m, |—:L2

Notice that, if there is damping i, or g,, this damping should come from either

h, or h,. According to tis study, a closed system havingc@®DT process and a
modified ZN tuned PI controller will result in aosled-loop system (i.ehyand h,)
having damping factor greater than 0.6. It is thastulate that the open-loop transfer
functions g,(s) and g, (s)can be approximated by:

k Tpstl

G(9 = :

2.2 )éqs
1°s°+22z s+l t,s+1

Then, the stability region of the equivalent SI®0gs are explored with the

parametersit ,f ,=0~10,k, =1 =% = 0.1~4 ¢ /= 0.02~C The results

pl’
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are given in the following figure. It can be sebkattthe modified ZN tuning formula
proposed greatly improve the stability.

On the other hand, the convergence of the sequeesan for the multi-loop
controller is formulated as the problem of findihg roots of simultaneous algebraic
equation using sequential iterations.

The simultaneous equations are obtained from thdittons of phase crossover for
the two loops, that is:

Im i1, iW
Fl(jmvl,jl/l/uvz):tan-l gl(]wu,lj u,2) __p

Re g ((%1,iW,2)

M g, (Jur W, 2)
Re g, (i 1,i1 2)

Fz(jm,lvj%,z):tan_l

The convergence of the iteration is guaranteed suyffecient condition of the
following:

L5 fIF,
o, T,

u,l u,2 <1
L5 iF,

g, T2

u,2

Wit
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The procedures of this proposed sequential desigsummarized with the flow
chart as shown.
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