Introduction to MVC

Definition---Properness and strictly properness
A system G(s) is proper if all its elemen{g;( 9} are proper, and strictly proper

if all its elements are strictly proper.
Definition---Causal
A system G(s) is causal if all its elements argsed and not causal if all its
elements are noncausal.
Definition---Poles
The eigen values, i=1,---,n of the system G(s) are called the mileéhe system.
Py
The pole polynomialp(s)is defined asp(s) =Q (s- /,), where p(s)is the
i=1l
least common denominator of all non-identical-zainors of all order of G(s).
Example:
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The minor of order 2:
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The least common denominator of the minors:
p(s) =(s+1)(s+2) (s 1)
Definition---Zeros
If the rank of G(z) is less than the normal ranls a zero of the system. The
zero polynomial Z(s) is the greatest common dividathe numerators of all
order-r minors of G(s), where r is the norminalkah G(s) provided that these
minors have all been adjusted in such a way aave the pole polynomial
p(s) as their denominator.
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So, Z(9=(s-1)
According to this definition, the zero polynomdadla square G(s) is:
det{G(s)} =0
Notice that, in a MIMO system, there may be n@nmse response to indicate the
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presence of RHP-zero. For example, in the MIMOeysotf the following:

1 1
G(=—— - - G(0.5)=0; s{G(0.8)= (
9 (0.2s+1)(s+1) 1+2s 2 (0.5) _{ ( E})
6(0.5)= 1 045 0.89 192 0 0.71- 0.71

77165089 -045 0 0 071 0.71
U S vH
2 2 1.5

L5 st Sz AP
Y2 s
1 1
v
Y1 Y1 Y
0s 0s Y
0 0 -1

0 5 10 0 5 10 0 5 10
Time [sec] Time [sec] Time [sec]

(a) Step in uy, (b) Step in ug, (c) Combined step in u1 and

u=[1 0]T u=[0 1]T ug,u=[1 -1]T

Transfer functions for Closed loop MIMO systems

1.

Cascade rule For the cascade interconnection@f(s) and G,(s)in the
following figure(a), the overall transfer functiomatrix is G=GG;
Feedback rule. With reference to the positive feedback systetigure (b):

v=(l-L)"u=(I- GG)'u
Push-through rule. G,(1- G,G) ‘= (I- GG, ‘G,

G- GG,G= G(F GGF (4 GG)GC
Q'G1Gz )161 (I' GzGlz): Gl
(-GG,)'G= G (- GG)'



...............................

...............................

(a) Cascade system (b) Positive feedback system

4. MIMO rule .
(). Start from the output, write down the blocksnaoving backward by the most

direct path toward the input

(2). When exit from a feedback loop, include a tékh) ™ for positive feedback
(or, (1+L)* for negative feedback. Notice that L is the eveddagainst signal
flow starting at the point of exit from the loop.

Example: Consider the following block diagram:

Py
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z= p,t HZK(l- F%zK)-l By W

5. Consider the closed-loop system:

dy dy

T+ ut Y F R y

_t$—’ K G —

The following relationships are useful:

(I +L) " +L(I +LY ' =S +T =1

G(I+KG)* =(1 +GK) 'G

GK(1 +GK) ' =G(1 +KG) 'K =(I +GK) ‘GK
T=L(+L) =( +Ly 'L =0 + Y *



Singular Values and Matrix Norms

1. Vector Norms

A real valued function|-| defined on a vector space X is said to be a narm o

X, if it satisfies the following properties:

(1) [ o;
(2) |x|=0onlyif x=0;
3) |ax|=la||¥. for any scalaa

@ [+ vE[A+[ o

forany xI Xandy X.

The vector p-norm ofx] X is defined as:||x||p - |>g|1/p for1£ p£¥. In
i=1

particular p=1,2,¥ we have

4= Ixls IdL=y (% )7 s I, =madx| -
i=1 i=1

H older inequality:

<AL,

o |k

+é=1
Notice that:
(@) X, [, £n[ A, :
@ |4, £]4, £nl 4, :
3[4, £]4, £n[ 4,



2. Matrix norms:
A matrix norm is defined as a function valued thettisfies the following:

(1) [Nz 0forallA R™" with equality only if A=0;

) |aA =j||A forallal R A R'";

(3) |A+B|£| A+ H forall ABI R"

Let A=[g]1 R"", the vector induced p-norms is defined as:

|4,
4

|Al, =su

o |x

p

In particular:

m
|Al = @jﬁfiq\%\ (column sur;

A=\ (A4
|4, =paxJa| (cowsum

Another popular matrix norm is the Frobenius narm:

A= 1af

i=1 j=1
The p-norms have the following important propdayevery Al R"":

@ [AX], £[A,IA,; p=12, ¥;

@ A, £, £Vl 4,
a|€]A, £l | max

max
(3) IEiEm;IE jEn

1£iEm;1E jEn

@ A, £lA, £ 4,
©® =l £1A, £ A,

al}




Lemma 1:Let xI F" and yI F™.

(1) Supposen3 m. |x|=|y| iff $UT F""st % Uy, and U & I

(2) Supposen=m. ‘xy1£|| A{| Y - Moreover, equality holds iffx=ay
forsome al F or y 0;

(3) X £|y| iff $DT F" ™ withp|iE 1 st % D y. Furthermore,

[XI£]viff D] <1;

(4) |Ux| =|x| for any appropriate dimensioned unitamgtrix U.

Lemma 2: Let A and B be any appropriate dimensioned matrice

(1) r(ME]H, . (p=12¥ F)

@) |Asle[Ald; | A1 4" ;

(3) |UAV|=| A and| UA_ =| A , for any unitary matrices U and;

@ [A8. £|AllE.. and| A £] B b -

Lemma 3: Let A be a block partitioned matrix with:

A A A
A
Au Ao A

Then, for any induced matrix p-norm,

Iad, 1ad, Al
A £ [l A, Al

[Al, 1A, A,

Further, the equality holds if the F-norm is used.



Proof. It is obvious that if the F-norm is used, then the right hand side of inequal-
ity (2.2) equals the left hand side. Hence only the induced p-norm cases, 1 < p < oo,
will be shown. Let a vector x be partitioned consistently with A as

I
I3
T = ;
Tq
and note that
llz1ll,
llz=ll,
lzll, =
lagll, 11,
Then
> g=1 A1;T;
> i1 A
I[43]ll, = sup [|[Ai]zll, = sup .
Ha:”":l || »=1 i
Yi=1Amis 1|,
- 0 Alvm-’ 7
’ =R =1 14w, llzs 1,
50, Aoy s 4ol lsl,
= sup P < sup s
I, =1 : [la]], =1 :
T NAmill. z;
‘Z?=1 b j=1 I m:r“p I J”p 3
L P dlilp
[ A, A, oo (Al llzll,,
||A21||p ”A22Hp ||A2q||p |fﬂ?2||p
= sup . . . .
e, =1 : : : :
L 1Amall, [ Amell, - [lAsgll, llzll,
< sup |14y, lel,

ll=l,,=1

‘P

= | [14ssl,]



Singular Value Decomposition

Consider a fixed frequencyry where G(jw)is a |~ mcomplex matrix.

b g Wil Rl

Denote G( jw)as G for simplicity. Any matrix G may be decomposged

G=Usv".
Where,
Sis an |” mmatrix with k =min{l, m} non-negative singular values, .

arranged in descending order along its main didgtimaother entries are
zero. The singular values are the positive squants rof the eigenvalues of
G"G, and G"is the conjugate transpose of G. That is:

5(G)=/,(G" Q)

y=Gxd;

Let u be one of the eigenvector®f
2

Yo

}

d=y IIVIIZ:aZN|Y,1|2+|v,zIZ+
y=G(v)=Gy=/y
IV =a% v’
/. |lv
e |
(] —

On the other hand, it can be shown that the extreahes of ||Gd||2 /| d||2

are /"> G"G , which is known as the singular value of G, in the
directions of eigenvaectors @&" G.

I, I, 5 o 5

=5
|dl, I,

Since, $ =min

As aresult,s £|/,| £~

The singular values can be considered as the extgains of the MIMO



system, which are local maximal values with respethe direction of
inputs. For example, consider the gain matrix specific frequency:
5 4
3 2
The gains with respect to the direction of d axegiin the following
figure:

G=

ok g(G1) = 0.27 D
-5 -4 -3 2 -

0 1 2 3 4 5
dao/d1o

Typical singular values with respect to frequeneyas shown in the
following figure:
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(a) Spinning satellite in (3.77) (b) Distillation process in (3.82)

Theorem 1: Let Al F™". There exist unitary matrices:
U=[u,u, Y]l FPMVE [y g,y F°

, S 0
such that: A=USV", S= ol

0
where,
s, O 0
0 s 0
n = ’ ; §;%358,8 3s3 0 p min{m,r}u
0O O S



[Proof]

Let s =||A|, and assumem? n.

Then, from the definition 01|A” ie.:

|A74
1Ay =sup i (p=22¢) - [[Ad, =] 4,1 %, for some
p

In other words, there exists a vectat F"such that
|A4=5|4=[s 4
By the Lemma

(M| =| v iff there is a matrixJT F™" suchtha¢ Uy ard U= 1)

there isa matrixUT F™" such thatU’U =1 and

Az=U(s 2 =s Uz

Let: x=—=1 F" and y=

Yz i
”” lu7

z_ sUz _S Uz_s?Uz_

[4 1A ~TAf [sud M

We have: Ax=-—

Let U=[y,U]T F"™ V=[xV F"" be unitary.
Thus,
A=U AV =[y U] Ax Ay
_ YAX YAY _syy YAY

S UAX UAY  sUy U AV

_ S w
0O B
Since,
1 2
0 - 2. o
A =s?+wWw 1Al 2s%+ ww
0

2

10



and s =||A| =|A|, we conclude thatw=0.
An obvious induction argument give&l AV =S. The s, is the i-th

eigen value of A, andy, andy, are i-th left singular vector and j-th right
singular vectors, respectively. It is obvious te:se

Ay =s,y and Ap=s, )\
o, AAy=s’y and AAu=s?

Hence, s/ is an eigen value ofAA or A A, u is an eigen vector of

AA', and is an eigen vector oA’ A.  The following notations for
singular values are often used:

5(A=s,  (A=s,= rHrAl‘;alx" AN

S(M=5 (A =s , =min| &

4=

Lemma 1. Suppose A and D are square matrices.
(1) |s(A+D) -s (A|Es(A;
(2) s(AD)3s (As (D);
eraty— L i o
3) S(A )_Q(A) if A'is invertible;
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Lemma 3:

1) sE)|s(A
@ |7[£]A,

(3) Let £(A) =% =condition number oA\, and Ax=b. If

13



A(x+dx) =(b+db, then: MZ/((A)’ m
X I
(4) Let A® A+ dA and x= % dx where A and x satifyAx= b.
Then:
[ PO
a
ALkl

Thus, whenk (A)is large and matrix A is almost singular, a very

small change of A will make the possible range|ok| large.
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Applications of SVD

15



16



17



18



Problem of small singular values:

Very small singular values in a multivariable systare analogus to very
small gains in a conventional siso system. It rexpivery large

controller gains and results in excessively largatller actions. The

typical presence of constraints in the manipulatadable and noise in
the sensor makes it difficult even for siso systemthe context of mimo

system, the additional complications presented hgden loops,

interactions make the problem even more severe.

A general rule of thumb to measure the small sigwalue is the

magnitude of the noise in the signal. Singular galare equal or less
than the magnitude of sensor noise should be assdagenerate.

Problem of large singular values:

Large singular values are not as serious a prolasmmall values. It
requires very small controller gains. This resuitssmall controller

outputs, which can be easily become lost in theolugien of the

manipulator. The symptomatic behaviors are cycéisponses, which
never settling down to a reasonable steady state.

A general rule of thumb concerning large singulaiues is that all
singular values that are equal to or greater th@nreciprocal of the
valve resolution should be avoided.

Determining Good Sensor Locations

Consider, for example, the ethonal-water distiblatcolumn as shown in
Figure 3.Assume that the first level objective dscbntrol two column

temperatures by manipulating D and Q. The basicceon is to

determine which combination out of 1225 possiblenbmations of

sensor locations from the point of view of colunamtol.

19



The 50" 2 gain matrix is as shown in figure 4.
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From the SVD result in Figure 5 and is plotted oguFe 6. The largest
elements in Yand U occurs on stage 18 and 13. On the other hand, if
we use abs(l-abs(l) as criterion, as shown on Figure 7, the largest
differences suggests that stage 18 and stage Odadechoices.

22



23



Selection of Proper Manipulated variables

For example, in the design of control of a contoola distillation
column, four manipulated variables are typicallycoasidered:

D distillate flow rate

L reflux flow rate

B bottoms flow rate

Q steam rate to the reboiler

Two out of the four have to control levels (i.ecamulator and column
base). Thus, only the remaining two can be marnipdlafor the
compositions. To choose two out of the four, SViovides a
straightforward method to compare the steady diatavior of various
first level control strategies.

In this example, DQ is the best first-level contsoheme. It has a much
better condition number than the others. The sesingular value of
this DQ scheme is much stronger than for the athbemes.
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Application to Feedback Properties
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Use of the minimum singular value of the plantThe minimum singular
value of the plant evaluated as a function of fezmy is a useful measure for
evaluating the feasibility of achieving acceptatmatrol. In general, we want
s as large as possible.

Singular values for performance:In general, it is reasonable to require that

the gain |e(w)|, /||r(w)| ,remains small for any direction af(») , including
the worst-case direction which gives a gin®{S( y)) . Let 1/‘Wp(jW)‘

represent the maximum allowable magnitude|ef)|, /| r(w)|,at each

frequency, This results in the following performanequirement:

e 1 L _ o _
SS()<—— w0 s{ws(k - w0 |wS(it
w, (jw)
Typical weight function is given asL
Wp(s):—S/M-‘-Wb
S+ A

which means :Mp‘ equals AE1 at low frequencies, and equals i 3 1

at high frequencies, and the asymptote crossesit, afthe bandwidth
frequency).
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