Introduction to MVC design

Performance Issues

[Definition] Well-posed system
A feedback system is said to be well-posed itlaed loop transfer functions
are well defined and proper.

[Lemma:] The control system as shown in the figure is webqu iff:| +K (¥)G¥ )
is invertible. (notice thatk =-K)
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Figure : Internal Stability Analysis Diagram
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The well-posed condition becomes:

| -D . . .
is invertible
-D

[Definition] Internal stability



Figure : Internal Stability Analysis Diagram
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From the block diagram, it is easy to obtain:
I K & _w
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= B
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The last two equations can be re-written as:

|-6el_oéx+vq

-D | g C 0 X W

X A 0 x BOel

= .~ .+ R

X 0O A X 0 B g

Thus,

A0 x BO | .p o6
A= SO .

0OAX 0B -D | cC o

The closed-loop system with given stablizable agigctable realization of G and K
is called internal stable iffA is a Hurwitz matrix.

Compare Eq(A) with Eq(B), we conclude that the vpelkedness condition implies
that (1- DD)= (I- GK)¢ ) is invertible.

[Lemma] The system as shown is internally stable iff:

I K 7_ (1+kG)* -K(1+GK)*

-G | G(I+KG)" (1+GK)*
I-K(1+GK)'G - K(I+ GKJ® -
(1+GK)*G  (1+GK)" ’



[ Note: H, space is a sub-spaceaf with functions that are analytic and bounded in
the open-right-half plane. Thel, - norm is defined as:

IFll, = sup 5[F 6] = sups[F (v )
Re(s)>0 w R

The real rational subspace of, is denoted askRH, which consists of all
proper and real rational stable transfer matricés.

H, and H, Performance

1. H,-optimal control

Let the disturbanced(t) can be approximated as an impulse with random

input direction: d(t)=Ad(t) and E{hh} =1

where E denotes the expectation. One may choose to minitheexpected
energy of error e due to the disturbante

Ele} =€ [¢ dt=|wsW,

where, S, =(1+GK)"’
Alternatively, if d(t) can be modeled as white noise, so it = I, then,
e=WSWcand S,=Eed =(WSW E B WSW=( WSW,(S . WEW

and, we may chose to minimizﬂe”i



el == tr{ae( W} dwH WS W3

e 2
In general, a controller minimizing on|be||pcan lead to a very large control

signal u that could cause saturation of the actsaktence, for a realistic
controller design, we may use the following criberi

e W,
CETE M|

In the following, assume all the weighting matriees identity matrices.
(1) SISO case: The controller K is determined such that the integra

square error is minimizefr a particular input v That is:
¥

min|ef; = mKin%_: € () e w)dw= mKin—;) | W im T dw

where, v(jw) =w(jmv'(jn); v'(jw| =1

(2) MIMO case: In analogy to the SISO case, the controller K is
determined to minimize theH ,-norm for the error vector:

. 1L .
me||E||§ =min= tr{E'(jm) E(im}dw
20

or,
¥

. 1 .
min\W, EW]; = minz - t{(W EW'( W EW ),
¥
The H-optimal control can be interpreted as the minitidzaof

the 2-norm of sensitivity operator with input weigi; and output
weight Wa.

2. H, -optimal control
(1) SISO case:
Assume that:

1 ¥

2 Zp.¥

Each input in V gives rise to an error e. Thk, -optimal control is
designed to minimize the worst error which can ltefsom any
vl V, that is:

min sudle], = min supswy,

2 ||V
V= v =Y




The worst error can be bounded for a set of bountaa V' as
follows:

¥
sup||swv|1§ = supL lswv ?| av
viv Vv 2p ¥

¥
£ sumw?| sup- |2t
w R

vV Y
£ supsw?F| s,
wm R
where, V'={V:|V[; £1}
Thus,
min a{L\'ﬂSWV”z £ rpinftéﬂ)svﬂ'z = £n|ﬂ1 s\,

(2) MIMO case:
Let

ve{viwifed  ang,
v ={v:|V[; £3

The controller K is to be designed to minimize st
normalized error €’, that is:

min r&\ex”enz = min pg)HV\é EW\'/”2
£ min Sp(W,EW ¥ )¥ Km|1rv\4 EW,
Notice that if W and W are scalars, it means thi, EW], is

bounded to lie below some constant value. Thig performance
requirement is usually written as:

M EW, <1

Synthesis methods

Consider the simple feedback system as shown ifotlesving figure:



Ym

The most common approach is to use pre-compendétsy, which counteracts the
interactions in the plant and results inew shapeglant:

Gy(9)=G(IW »

Which is more diagonal and easier to conftter finding Wi(9, a
diagonal controllerK (s)is design to control thisew shapeglant.

> Ky(S)[{Wa(s)irl G(s) p»

A more general framework for MVC design is to ird#uanother post compensator,
W, (9 in the overall controller K(s) as the following:

....................................

In other words,
K(s) =W(9 K($ W
1. The design approach that uses Nyquist Array teclen{guch as: DNA, INA) of
Rosenbrock (1974) and Characteristic loci of Maltzfar and Kouvaritakis (1977)
are of this category. In this approach, BothWjf( s and W, (s are design so as to

make the process diagonal dominant.
2. The decoupling control is another of this approdohthis approachW, (9 =I,

and W(9=G*(3, K(3= (3

The decoupling control is appealing, but theresaneeral difficulties:
(2). It may be very sensitive to modeling error amadel uncertainties.



(2). The requirement of decoupling and the usengérise-based controller may
not be desirable for disturbance rejection.
(3). The issue of RHP zero.

. SVD-controller

SVD-controller is a special case of a pre- and postpensator design. Here,

W (9 =V, and W,(9=U] , where, U and V, are obtained from a SVD of

G, = G( jw,) =U,SV, . By selecting K (s) = f(9S.!, a decoupling design is
achieved.

. Mixed-sensitivity H, design &/ KS)

The objective of this design is to minimize th¢, -norm of

N =
W, KS

Where, S is a sensitivity function of the systemq &S is the transfer function
matrix from the set-pointR to u. A reasonable initial choice foA-weight is

W, =1, and a common choice of th&/, -weight is a diagonal matrix with
s/ M +uj, .
Wp,i — i _ B,i .
S+ug;A

Selecting A 1 ensures approximate integral action wig(0)» 0. Often,

M;is selected about 2for all outputs, am@i is approximately the bandwidth

requirement and may be different for each outpute Bhape oﬂWp(jW)‘ is

given in the following:

107 107" 10' 10°

10°
Frequency [rad/s]

In the SISO system, usually, we requi#wp(jw)S( jW)H¥ <1



Inverse and Direct Nyquist Arrays

Rosenbrock extended the Nyquist stability and designcepts to MIMO systems
containing significant interaction. The methods newn as the inverse and direct
Nyquist array (INA and DNA) methods. As an extensfoom the SISO Nyquist
stability and design concepts, these methods es@dincy response approach.

Frequency response techniques are theoretitedly attractive than optimal
controllers resulting from state-space analysis,their simplicity, high stability, and
low noise sensitivity make them quite attractivenfra pratical point of view. The
INA and DNA generally require the use of a digitamputer with graphics capability
and interactive computer-aided design facilities.

1. Notations
Consider the following system:

r e u y Z
»—>  K(s) > G(S) » L) >
F(S) le
Figure 1
Z=LGKe= LGKT- F2
Where, if [I+LGK] is not identically zeo,
Z=[ 1, +LGKF] " LGKr
Alternatively, we have:
€=T- FLGKe e=[ I+ FLGK T
or,
Z= LGK[ |, + LGKF| ' T
Define: Q=LGK

Z=HF ; H=[1, +QF]'Q=qQ[ I, +FQ] " =H(QF)



Note:
O Fl or| =], +Fg)
Q1 M k
Thus, |I+Fd* exists if [I+QF} exists.
(i) H(Q,0)=Q
(i)  Y=H[Q,F]X

X Y

=V
A 4
O
v

M
A

Figure 2

Let: K(s)=Ky(s) Kx(s), and L(s)=k(s) Li(s), where, K and L, are diagonal
matrices. Thus, comparing the following two eqlewd block diagrams,

r 4
»—>  K(s) > G(S) » L(S) >
F(S) |e
Figure 3
—» K> > K, > G > L >
K2 < F <
Figure 4

we have:
H[Q, F] = H[Q K,F] K,

Similarly, by referring to the following diagram



A 4
A\ 4

\ 4

L1 L,

A

T
A

L>

Figure 5

we have: H [Q, |:] - LQH[Ql |_2|:]

In Figure 4, the product & can be renamed as F since there are diagonabt®tre
diagonal entries as f

The two manipulations in Figure 4 and Figure 5iarportant when there is concern
about actuator or transducer failure.

(1) When transducer error is impoerant, use Figurghere L is set equal to the
identity matrix.. Then Kis assimilated with F. Setting any elements gF K
equal to zero shows effects of the correspondangstiucer failures.

(2) When actuator failure is important, use fig&reWhere, K is set equal to the
identity matrix. The L2 is assimilated with F. &g any elements of L2K equal
to zero shows the effects of the correspondingedot failure.

2. General Feedback System Stability

H=[I,+QF] 'Q=Q[I, +FQ[
Q]
[l +QF|
|l +QF| = close loop characteristic polynomial fj

H| =], +QF) " Q Q=

=[(1, +QF)”
In other words, according to stability criteriame have:
Niy =Ng - (Z R)

In other words,

Z- B= Ng- Ny
Thus, if the system is stble, we shall have:

10



Ng - Ny=-R or Ny

- No= P (Criterion A)
Similarly, since

H=[,+QF] "Q=Q[I, +FQ[
It is equivalent to have:

H'=Q'[I, +QF] =Q '+F H:|Q|+F
and H:||k+QF|
S
Thus,
Nip - Ng= & R

So, if the system is stable, we have:

) - (Criterion B)
Ng - Nyw=FR

3. Nyquist array and MIMO stability theorems

It is difficult to apply criterion A and criterioB to determine the stability of
multivariable systems, since the origin encircletaelny the mappings due to the
determinants of matrices Q and H (of* @Qnd HY) are required. Rosenbrock’s
Nyquist array techniques utilize modifications bétcriteria, which are valid if the
matrices are diagonally dominant.

3.1 Diagonal Dominance

A rational m by m matrix Z(s) is diagonally domiman the Nyquist contour, D,
if (for all s on D and for all I, i=1,2,...,m) it idiagonally row dominant or diagonally
column dominant.

Z(s) is diagonally row dominant if:

SCENEERES
Z(s) is diagonally column dominant if:
209> " 3(3= 0>

As shown in the following figure, the diagonaintinance means the origin of the
Z-plane will be located outside the disk which entered on zi,i(jw) with radius

11



equaling to dor d'.

\ 1 Zii(jwo)

Let Z(s)={z;(s), 1,j=1,2,....m}. As s travels along the Nyquisbntour, The
corresponding circles (centered g{ja) with radius ¢gw) or d’(w)) sweep out what
is called a “Gershgorin band”.

If each of the band associated with all | o thagonal elements excludes the
origin, then Z(s) is diagonal dominant.

[Theorem] Let Z(s) be diagonal dominance on C, which is doged elementary
contour having on it no pole of(®), i=1,2,...,m. Let@s) maps C int&3, i=1,2,...,m,
and |Z(s)| maps C int@,,. Let origin encirclement b be Ni times, and let origin
encirclement bys, be N.

Then, m
N

12



[Theorem---INA] Let the Gershgorin bands based on the diagonaiesies of G

exclude the origin and the point;(f). Let these bands encircle the origi, times

clockwise and encircle the points ;@) Nh times clockwise. Then the system is

stable iff:
- Ng - Ny=FR
i=1 i=1
[Proof]
Since,
H=[l +FQ]"'Q H*=Q I +QF]
H
|1 +QF| :H
we have:

N[H;0]- N[QO]= N Q- FO]- N Q@]=- P

The fact that Gershgorin bands based on the didgdements ofQ exclude
the origin implies thatQ is diagonal dominant. Similarly, The fact that

Gershgorin bands based on the diagonal element® daéxclude the (+f0)

implies that H is diagonal dominant. Thus,

N[H:Ol=  Nhiol= N +£01= N gi(-.f0)
i=1 i=1 i=1
= N,
i=1
Similarly,
N[QO] = NQi.\
i=1
Thus, the Nyquist stability criterion becomes:
N{qi} B N{n}: R

i=1 i=1

[Theorem---DNA] Let F=diag{f}, where f are real and non-zero, and+#® be
diagonal dominant on D. Let;gmap D intoG which encircles (;f,0) N times,

13



i=1,2,...m. Then the closed-loop system is asymmdicstable iff: SNi=-P,.

[Proof]

N[ [I+QF[; 0]=Z-R N[ [F'+Q; 0]= Z- P
N[Q; F']=Z- R

Thus, if system is stable, Z=0, so,
N[Q+ F*;0]=-F,
Since F+Q is diagonal dominant,

NLIF*+QL; 0= NIf'+g,;01=-P

[Ostrowski’'s Theorem] Let the m m rational matrix Z(s) be row [resp. column]
dominant for ssson C. Then Z(9 has an inverseZ (s,) and for i=1,2,...,m,

718)- 2 (<Al d 9 < 4o}
resp<f, '§ X (s)< d(

f.(s) =max 9,(s) , resp,f (5 )F .mahdl’(s’)
jijti z“_(%)‘ : jiit %J(§)‘

[Theorem A] LetQ and H be dominant on C. For each s on D the diagonal

element h of H[Q,F] satisfy:
INA9- (f+ )< (900 3< d B
or [N )y (f+ g J<f (9d(s< d(3

according asH =F +Q is row or column dominant.

[Proof] This theorem is a direct result fro the 10giski’'s theorem by substitutingi"l

withh!, and z with f,+q, (i.e. h,).

14



Notice that,

h;[Qdiad f ... f,0, f,,.. L+ f =h[Qdiag § §....f, . f . f,...f}

Designateh,[Q diad f, f,.... f,0, f.,....f, }]= h and

HIQ diag( f, £ £,0, .y, f, = H

Because ofH [ Q, F}] = F+Q and because of the Ostrowski theorem,

9~ (F+ )< £ (9 d(3< d

or | 6) (f+ q )<f (9d (< d(3

Similarly, because ofH[Q, diad f, f,....f ,,0, f,,,....f, }J= Q and because of the
Ostrowski theorem, we have:

W' ql< 7(9d(3< A ¥

This means the inverse transfer function viewing fromittmenput to the ith output
lies within the ith Ostrowski band. Thus, if H and Hi dragonal dominant, we can
use the Ostrowski bands to analysize the stabilityaddsed-loop system, and design

the ith loop based orh-l(s).

The Ostrowski bands have two implications:

(1). They locate the inverse of transfer functibit(s). If we wish to design a
single-loop compensator for the ith lop, we must designritffd(s). As loop

gains (i.e. f...fiy,fis,...fm) vary, and dominance is maintainedi,'(s) lies

within the appropriate Ostrowski band, evaluated for thatsgain
(2). They are used to determine the stability margfrithe loops. We may determine
appropriate gain and phase margins, or appropriatkees of M, if we know

h*(9), which is within thei th Ostrowski band.

Reasons for usindQ:

(2). The relationH =F +Q gives an easy transition from open-loop to close-loop

15



properties.

(2). There appears to be a tendency €@rto be more dominant than Q.

(3). For some given swjthat the distance from (-fi,0) t@j, (iw) in all loops except

the jth one becomes infinitely large, the width of the @sski band for the jth
loop shrinks to zero at swj

Achieving dominance

There are various methods of achieving or increasingmince.
1. Elementary operations.
2. Pseudo-diagonalization
3. Approximate inversion.

The INA and DNA methods reduce loop interactions dgtermining a
precompensator, K(s) and possibly a postcompensatot(s), so that
Q(s)=[L(S)G(S)K(S)]* or Q(s)=[L(S)G(s)K(s)] is diagonal dominant. When
dominance has been achieved, single-loop controllers beyimplemented as
required to meet design specification. In many instanoaly precompensator is
needed. The precompensatd(s), is required to have elements whose poles are in
the open left half plane.

Elementary operations.

The earliest and most widely used method to achievendmite is to use elementary
row and column operations to buid andL matrices. The precompensator K(s) can
be written asK 4(S)Kp(S)Kc(S). Similarly, L(s) is written asL (S)Lp(S)La(S). Where,
matrices with subscript “c” designate non-singular pafrtk(s) andL(s); those with
subscripts designate the operational matrices that addltgplsn of one column to
another that they postmultiply.

16



Decoupling Control

The main objective in decoupling control is to compengaténk effect of
interactions brought about by cross-coupling of the psogasables. In the ideal
case, the decoupler causes the control loops to actoaalliy independent of one
another, thereby reducing the controller tuning taskao @f tuning several
non-interacting controllers. There are different typedeafoupling control:

1. Dynamic decoupling: Design decouplexXs} to eliminate interactions from all
loops. In other words, the open-loop transfer functiatrix, G(s)G(s), achieves
being diagonal for all frequencies.

2. Steady-state decoupling: Design a decoupler so that Q))& diagonal.

3. Partial decoupling: Design(S) to eliminate interactions in a subset of the control
loops.

Simplified Decoupling:
Consider the following2” 2system.

Yi(9=g(9y( 3+ g B Y )s
Y2(9) = Ba(9 Y( 3+ gL B Y )

u(9=u(9+ g 3 A B
U (9= %(9+ g 3N B
i(®=a(9& 3 Y G)s£)

Then,
“(e= gi(9+ a3 glr X))t H)sg)s ) s4Y
Y2(9= Gu(9+ @ 3 g( B )+ ) 4)s.0) s 4V

To have ideal decoupling, it is required that

17



011(9 9,(9+ g $=0, g (3 g( B g()s0

In other words,

__ 9(9 _ 99
9.9 %a(9) 9.(9 % 9
By this,
_ ~ 012(9) G( 9
(9= a9 (S V(3
_ ~021(9) G12( 9
Y2(9) = %ol 9 9.(9 u( ¥

When dealing with systems larger than 2, the simplified decoupling
approach becomes very tedious. For example, 8 &system, there areN(N - 1)

decouplers to be designed and implemented as in theviojdlock diagram.

Generalized decoupling
A more general procedure for decoupler design felbswvs:

y(9=QE9udp = )s(v)ssothat Y G)3 &)s)

In order to eliminate the interactions,
G(9G(9= G( 3= diaf g( )b

so that

G (9=G(9G(}

Notice that, theG, () is a simplified decoupling system is:

18



Limitations to the application of decoupling

(1) Causality: In order to ensure causality in the comgdensais necessary that the
time delay structure in G(s) be such that the smallest dekegch row occurs on
the diagonal. If not, it needs to compensate the peoaith additional dealy time
as shown in the following figure, that is

GCu(9=9 U3

(2) Stability: It needs to ensure G(s) has no RHP zemotlf G(s) must be adjust to
contai the RHP zero.

(3) Robustne: In general the diagonal controllers shold henddo ensure the
system’s stability robustness by relaxing the controlldretonore conservative.

19



H, -Design

1. Formulation of generalized plant for control sysems.
A grneral control formulation of Doyle (1983; 1984) reakuse of the general
control configuration of the following:

Where, P is the generalized plant an& is the controller. To find the
generalized plant for a one-degree freedom contraksysconsider the control
the following block diagram:

The first step is to identify the signals for the generalizedtpla

W d
W=w =71, z=e=y- [ VW F Y= F ¥y I
W, n
w
z=y-r=Gu- & F Iw Iy Ow Ga [I- | O qu
w
VEr-ymeE - Gy od -y lw b Su [ |- |qu

20



Which are equivalent to

z -1 0 G W

Y -1 -1-G u
To get a meaningful controller synthesis problem, for etamn terms oH,
and Hy norms, weights W, and W, are included, and the general
configuration becomes the one as shown below:

[Notice that the vector v consists of all the inputs to th&rollers.]

Example: Write the generalized plant for the followingtegs

Notice that w=[d 1]"; z=y-r v=[r y % ¢

21



U=k K=[KK K - K, K]

O
o

O o o — —
Q)

G
0

Thus by inspection, the generalized planPis: G
0
I

o

2. Stacked S/T/KS problem for H, -design:

Consider anH, -problem where we want to bound(S) for performance,
5(T)for robustness and avoid sensitivity to noise, anKS) to penalize large
input. The requirements may be combined into a stadkgdproblem of the
following:

W, KS
min|N(K)ly , N= WT
W, S
Let z= N w and from which, we have:
z, =W, u ® for penalizing the use of inp
z, =W Gu ® for stability robustness

z3=W, w+ W Gu® for performance
v=-w Gu

Thus the corresponding block diagram becomes:

And, the generalized plant becomes:

22



0 W,
_0 WG _R R
Wo l W5 G Py P
-1 -G
Z=hR,w+ R,u
v=E,w+ B,u
Closing the loop by lettingu = Kv, the transfer function from w to z becomes:

z=Nw N= P+ B K(I- Fz)zK)_l Bi AR R

Where, F[P, K] is called a lower linear fractional transformatitfT) of P with
K as the parameter.

A generalized control configuration including modeluncertainty

The generalized control configuration can be exendo include model
uncertainty as shown in the following figure:

The generalized plant P can be partitioned to Inepadible to the controlldf . In
other words,

Yo Up
P, R Z B R W
=2 oky _ m h
Py Py \ B, B, u

Z=NW, N=FPK=B+RKI-BK!R

23



Similarly,

Y, N N u
D — 11 12 D 1 uD:D)/Dv

z Np; Ny w
Z= R[N, O w={ Ny + Ny 1= ND) ™ N}

To analyze the robust stability df;[N, D], one should focus on the inverse of

|- N,D,ie. [I- N,D] . For this, the system of the following is consitér

Obtaining P, N and M

24



LMI synthesis for processes with model uncertaintie

LMI problems

A linear matrix inequality is a matrix inequality the form:
m

F(z) F,+ 2zF >0
i=1

where z1 R"™ is the variable, andf =F'1 R" ™ F 1,2, ,mare given.
The inequality symbol in the above equation mebas £ (2) is positive definite.

The set{z| F(z) >0} is convex. For many problems, the variables areioest

e.g.,
ATP+ PA<O

where Al R" "is given and P = P' is variable. The problem is: “ the LMI

ATP+ PA<Q inP”

LMI feasibility problem: Given an LMIF(z) >0, the corresponding LMI Problem

(LMIP) is to find z ™®such that F (z ) > 0.

Eigen Value Problem(EVP): The EVP is to minimimithe maximum eigen value of
a matrix, subject to an LMI, or:

Minimize {/}

w.r.t.z and/

subjectto:/1- Az ¥ 0,Bz( 3

Here, A and B are symmetric matrices that depefidedf on the variablez . This is
a convex optimization problem.
As an example of EVP:

Minimize g

Subject to AT P+ paA+ CT C+g PBB R |
The above EVP problem is equivalent to the follayyomoblem:

Minimize g
-ATP- PA C"C PB

>

Subject to
B'P gl

25



LMI and Passivity

The system (A, B, C, D) of the following
Xx=Ax+ By y= Cx+ Dt

is passive, i.e.,

[u®]" y(tdts 0
0

if and only if there exists a matrix P>0 such that

ATP+PA PB C

£0, ,P>0, D +D>C
B'P-Cc -D- D

The passivity is equivalent to the transfer funttmatrix H being positive real, which
means that

H(9)+H(9 30 forallRd $> 0, HEF C(sl A B I

Minimizing Condition number by scaling:
Let Al RP9with ps q. Then

/((A) - §(A) — \l/max(AT A)

Q(A) i \//min(AT A)

Consider the following problem:
Min 4 (LAR)

LT RP 9, diagonal and nonsingul

R RY 9 diagonal and nonsingul
There exist non-singular, diagonal L and R amd 0 such that
m £(LAR)' (LARE mg|
By absorbing1/,/m into L, it becomes
| £(LAR)" (LAR £ ¢° |
which is the same as:
(RR)-1£ A (U D) A FA(RR)?
And this is equivalent to the existence of diagd?&l, with P>0, Q>0, and
QE ATPAEQ
Thus the problem becomes
Min gz
Pi RF P.diagonal and nonsingular, P
Q1 RY 9 diagonal and nonsingular

Q£ ATPAE 2 Q

26



Analysis and design of uncertain control systems gy LMIs
The set P is described by the following state equations:
x=A)x+B(hu+t RO w X0)= ¥
2= G,(§) x+ Dy U+ Dy W
where the matrices are unknown except for thetfattthey satisfy

At B (O B,® TWi RM™W (% n#n)
Cz(t) Czu(t) CZV\Kt)

is a convex set of a certain type. When one or rimeeger p,n,,n, equal zero means
the corresponding variable is not used. For examygiem, =n, = n, =0, the set

P is described by{x= A)X A)TW}. The W has many choices for a number

of common control system models: LTI systems, myid systems (PS), norm-bound
systems, structured norm bound systems, systerhgpaiametric perturbations,
systems with structured and bounded LTI perturibatietc.

For illustration purpose, polytopic system modeiseawhen the uncertain plant is
modeled as a LTI system with state space matricgsvén as follows.
A polytopic W is described as a convex hull of its vertices:

Al(t) B () By, @) At B, ®© B, O
Cz,l(t) Czu,l(t) Czwl(t) ’ , Czl(t) Czu I(t) Czwl(t)

with the definition of a convex full of the followy:

co{Gg, ,G G G=l| /; Gl 30, I/ =1

i=1 i=1

Example:

dx_ 0 1 o . _

W cag - s OF WO YOS 9xE
with a®T{ 1 1; a,&)y[ 2 2 foralltzo.

The corresponding polytopic convex full is:

Al 0O 1 01 01 o0 1
-1-2"1-2% 122 1 2
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Stability of Polytopic Systems
Consider a PS systenx= A(t)x AT Cqd A 4, , 4

A sufficient condition for this system to camge to zero is the existence of

a quadratic positive functiol (x) = X' Px such thatw < . Since

dv(x(t

D - AP+ PAY X)

A sufficient condition is the existence of a P sfging the following conditions:
P>0, AT )P+ PA)<0, AT C§ A A, , A

If such a p exists, the PS is quadratically stable.
The above condition is equivalent to

P>0, AT (t)P+ PA(H<0, i=1,2, |

which is an LMI in P. Thus determining quadratialslity is an LMIP.

Quadratic stability
A sufficient condition for the quadratic stabiliig the existence of a quadratic
function v(x) = x' Px P>0 that decreases along every nonzero stable trajecfo
the LDI (linear differential inclusion) system:
x=Atx ADHTW .
Since. v = xX'[AT() P+ PA}] »
The necessary and sufficient condition for QS is:
P>0, Al (1)P+ PA()<0 for all AW

(). For LTI system:
P>0, ATP+PA<O

(2). For Polytopic LDI system

P>0, AlP+PA<0, i=12, L

Stabilizing state-feedback synthesis for polytopisystems
Consider the system with state feedback:

x=Ax AOT Cd A A . A, = K]
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The system is quadratically stable, if P aneixiét so that:
P>0, (A+BK) P+ A+ BK <0, i=12, |
This matrix inequality is not jointly convex land K. However, with bijective

transformationY P!, W kP!, the equation can be rewritten as:

Y>0, (A+BWYY) Y+ Vi A BW V<0, 1,
Multiplying the inequality on the left andyht by Y yields an LMl in Y and W
Y>0, YA+W B+ A+ BW<0, #1, ,

If this LMI in Y and W has a solution, then the Ipgmov functionV proves the
quadratic stability of the closed-loop system veithte-feedback. In other words, one
can synthesize a linear state-feedback for theyP®lwing an LMIP.
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Robust Stability and Performance

The various sources of model uncertainty may beamgd into the following:
1. Parametric uncertainty: Praameter uncertainty antjtied by assuming that each

uncertain parametear is bounded within som regio{vamm,a max] , that is

a=a@+r,D)\r, =@ -a ) /@ nax-@ mn),D is are a scalar satisfginD| £

2. Neglected and unmodelled dynamics uncertainty: fye of uncertainty is more
difficult to quantify, but it is suited to use fregncy domain representation.

3. Lumped uncertainty: Here the uncertainty descnptiepresents one or seversl
sources combined into a single lumped perturbatiba chosen structure (e.qg.
input uncertainty, output uncertainty, or inputjmutt uncertainty, etc.) The
frequency domain representation is well suitedfi type of uncertainty,

Notice that lumped perturbation form is used torespnt the all types of modelling

errors, and, unstructured perturbations are ofteeduo get a simple uncertainty

model. It is used to define unstructured unceryasd the use of a full complex
perturbation matrixD in the following forms:

P,.:G,=G+E,

P,:G=G+E

Po:Gy= G+ E,
Each representation can be represented by muétipleeform. In other words,

G =G(1+w,D,), |DJ, £ G=(1+w,D.)G, |, £1

G =G(1+wD), |gl, &1

Each individual perturbation is assumed to be stabd is normalized,
s(D(jw) £1 "w
The maximum singular value of a block diagonal mmais equal to the largest

maximum singular values of the individual blocks A result, forD :diag{ D}, it

follows that 5,(D,(jw)) £1 "w and i0 D g
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Definitions of robust stability and robust performance

1. Robust stability (RS): With a given controller, the system remains stable for all
plants in the set of of uncertainty.

2. Robust performance (PS): If RS is satisfied, thadfer function from exogenous
inputs w to outputs z remains reasonable performaioc all plants in the
uncertainty set.

In terms of the ND-structure, the requirements for stability and perfance can be

summarized as follows:

NS U N isinternal stable.

NP U |N,,< 1 and NS
RS U F=F ND) isstabl® D[ £ 1 andl

RP U |A,<1D BI|E 1L andN

Robust stability of the MD-structure

Theorem 1 Determinant stability condition Assume that tlmmimnal system M(s)
and the perturbation®, such that if D'is an allowed perturbation then so is

cDwhere c is any real scalar thb:{£1. Then the M D-system is stable for all

allowed perturbations if and only if the Nyquistoplof det{l - MD} does not

encircle the origin for eaclD, and
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N{0,det(I-D (w)}= 0," wD
U defl-D (w} 0, ', (A)
O /(M) 1, "i, D, (B

First, assume that for some |, det{I-MD'}1 0 w and the image of

det{l - MD} ecircles the origin as s traverses the Nyquist aumtBecause the

Nyquist contour and its image are closed, therstexinotherD such thatD =eD,

el [0,1], and with anwsuch thatdet{l -MD’ (jW'jz Q. This contradict with the

assumption thatdet(I -D (jw))* 0 UD . This proved part (A).

de{l-MD}=Q ./, ¢-MD )=, ¢/, WD)y C

def{l - MD}* 0
which implies /,(MD) 11, " I, wD . This proves (B).
Theorem 2 Spectral radius condition for complex perturbatidassume:

(1) The nominal system and M(s) of the perturbatiddés) are stable,
(2) The class of perturbationd), shat that if D is an allowed perturbation the

so is ¢cD, where c is any complex scalar such t@ﬁl

Then, the M D-system is stable for all allowed perturbationaritl only if
r(MD(jw)) <L, "w'D ,

oe equivalently mDaxr MD(w ))<1"w
Proof:

Assume thatdet(l - MD (jw))* 0 #DQ and there exists a perturbation such

that ~(MD) 2 1at some frequency. Thew, (M D') 31 for some i, and there always

exists another perturbation in that s&, =eD where e is a complex scalar with

|e£1 such that/, (M D') =1 so thatdet(l - MD (jw))= 0 at some frequency, and,

this contradict with the assumption thelet(l - MD (jw))* 0 #D . Thus, the
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theorem is proved.

RS Lemma for complex unstructured uncertainty. Let D be the set of all
complex matrices such that (D) £1, the following is true:

maxr MD)£s M)
Proof:

maxs MD)£ max~ M D)&~ Us) )£~ M )

[The first part of inequality is due te:£|/ | £~ is true for each ]

Theorem 3 Assume that the nominal system M(s) is stable #mat the
perturbations D are stable. TheMD -system is stable for all perturbations

D satisfying |D[, £1 if and only if

sM(w)<t'w 0  |M|g

Application of the unstructured RS-condition

For each of the six single unstructured perturlpatia the following figure,
E=WDW,
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And, in terms of MD-structure of the following:

M =W MW,
Where, M,is given by:
G=G+Ey: Mo = K (I +GK )1 =Ks
G=G(I+E): My=K(+GK)!G=7
G=(1+E))G: My =GK(I+GKy!=T
G=G(I- Ba)'t: My= (1+ GK) 1G= SG
G=G(I- ) ': M= (1+KG) '= §
G=(I-Egp)'G: My= (1+ GK) 1= s
The RS theorem yields

RS O [wMW(p,< 1 w

For example,G=G(I1+E), D], £10 W T, <1

The Structured Singular value

0
Unstructured uncertainty Structured utaety

Consider the presence of structured uncertaintyerevi :diag{ D} is a block
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diagonal. To test for the RS of the system, tle- D -structure is used. That is:
RSif 5( M )<l "w
The figures shown above are twd - D -structures for the same system, where

D=diag{q Ii}. The question is whether we can take advantagtheoffact that

D =diag{ D} is structured to obtain a more tight RS-conditionthe right figure, the
inputs and the outputs to M an® are re-scaled. With the chosen form,

D =d Dd' and M"™"=DMD"!, the RS condition becomes:

RSif 5( M™( i) =5 (DM(p) D) <1 "w

The most improved RS-condition is obtained by mirming at each frequency the
scaled singular value:

RSif Min s(M™( ))=5(0w) M ) D) t)<1 "w

The structured singular value is a function whigbviles a generalization of the
singular value and the spectral radius. A simpgestent is: “The smallest structured

D(measured in terms of (D) which makesdet{l - MD}: 0. Then the inverse of

this5(D) is called as the structured singular value”.
Mathematically,

[(M)] " = min{ $(0) [det(l -MD) =0 for structured }, ¢
ﬁ =min{s(D) det(1 -MD) =0 for structured }

Example: (This example is to show that depends on the structure @f.)

2 2 0894 0.447 3.162 0 0.70F 0.70

M = =
-1 -1 - 0447 0.894 0 0 0.707 0.707

The perturbationD

_ 1 0.707 0.2 0.2

3.162 0.707 -0.1- 01

In fact, for the matrix M, the smallest diagondd which makes

D =vyu; [0.894 - 0.44f=

def{l - MD}= 0 is:
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1 0
0 -1

—% ;5 (D) =0.333, and, thusp M ¥ , when D is diagonal.

When all the blocks inD are complex,
mM) =Maxp s gy AMD)

The following are the properties afor complex perturbations:

Properties of m

1. n{av)=|d mMm) foranyreala.
2. Let D =diag{ B, D} and M is partitioned accordingly.

Then, m(M)?3 Max{ | (Myy), /6]('\/'11)}

3. D full matrix: m{M)£ (M)

4. r(M)EmM)E£35(M)

5. For any unitary matrix U with the same structaseD,
mMU) = M) = (M)

6. Any matrix D which commutes wittp, (DD =D D),
MDM) = MD);  ADMD )= ()

Robust stability with structured uncertainty

According to theorem 1, we already have:
RSU def(tD (w)} 0" W, B ( ()" Lw

To find the factork, by which the system is robust stable, thés scaled byk,,,
and look for the smallesk,, which yields borderline instability, that is:

det{l - k,,MD}=0
From the definition of m, this value isk,, =1/mM).
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Theorem 4 RS for block-diagonal perturbations Assume thaminal M
andbare stable. Then, the1D-system is stable for all allowed with 5(D) £1, "w,

if and only if: mM(j W) <1, " u
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